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Abstract

A deformed G2 instanton, also known as a deformed Donaldson-Thomas
connection, is a connection over a 7-dimensional manifold with G2 struc-
ture that satisfies a certain gauge-theoretic equation. An Aloff-Wallach
space is a 7-dimensional homogeneous space of the form SU(3)/T where
T 2 U(1). In this thesis, I study deformed G2 instantons on Aloff-Wallach
spaces, making use of a four-dimensional family of G2 structures which
on all but one of the Aloff-Wallach spaces exhausts all SU(3)-invariant
coclosed G2 structures. I also prove some results on the curl operator
defined by a G2 structure, including a Weyl-type asymptotic formula for
the number of eigenvalues below a given bound. Lastly, in the appendix,
I compute the dimensions of spaces of SU(3)-invariant differential forms
and SU(3)-invariant coclosed G2 structures on the Aloff-Wallach spaces.
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1 Introduction

A deformed G5 instanton, also known as a deformed Donaldson-Thomas con-
nection, is a connection A over a manifold with Ga structure ¢ that satisfies
the gauge-theoretic equation %F 3 + Fa A xp = 0. Deformed Go instantons are
related to deformed Hermitian Yang-Mills connections over Calabi-Yau mani-
folds, and play a role in the theory of mirror symmetry for Go manifolds. They
are mainly studied in the case of complex line bundles or U (1) bundles, but can
be defined for higher-rank bundles as well.

An Aloff-Wallach space is a 7-dimensional homogeneous space of the form
SU(3)/T where T' = U(1). The Aloff-Wallach spaces can be parametrized by
pairs of integers (k,l) # (0,0), or (as I do in most of this paper) by rational
numbers in the interval [0, 1]. Every Aloff-Wallach space admits an at least four
dimensional family of SU(3)-invariant coclosed G2 structures.

The idea of this thesis — investigating deformed G5 instantons on Aloff-
Wallach spaces — was suggested to my advisor Franz Pedit by Jason D. Lotay
of the University of Oxford. The two papers most closely related to the present
paper are [2], which studies (non-deformed) G instantons on Aloff-Wallach
spaces, and [18], which studies deformed G instantons on tri-Sasakian mani-
folds, including the Aloff-Wallach space Xj.

In Section 2, I begin with an overview of some basic properties of Gy struc-
tures on manifolds. In the subsections 2.1 and 2.2, T study certain differential
operators defined by a coclosed G5 structure ¢, among them the “curl” opera-
tor curl,. I prove some results on the spectrum of curly,, including a Weyl-type
asymptotic formula for the number of positive or negative eigenvalues below a
given magnitude.

In Section 3, I discuss four types of connections, namely G5 instantons,
Hermitian Yang-Mills connections, and the “deformed” variants of these, giving
proofs of some of their basic properties as well as the relationships between
them.

In Section 4, I describe some prior results on deformed G5 instantons. These
include the alternative G5 structure ¢4 associated to a deformed G5 instanton
A (Section 4.1), some aspects of the deformation theory of deformed G in-
stantons (Section 4.2), and a Chern-Simons type functional that has deformed
G2 instantons as critical points (Section 4.3). I show that the Hessian of this
functional at a deformed G5 instanton A is essentially the curl operator of @4,
which is never definite.

In Section 5, I show that conjugacy classes of circle subgroups of SU(3) are
in bijection with rational numbers in the interval [0,1]. Then in Section 6, I
introduce the Aloff-Wallach spaces, using the notation X, where ¢ € Q N [0, 1].
Following [2], I define a four-dimensional family of invariant coclosed Gy struc-
tures on X, some of which are nearly parallel (in the sense of definition 2.1).
For g # 1, this family exhausts all invariant coclosed G structures on Xj.

In Section 7, I study deformed G2 instantons on X, in accordance with the
title of this paper. Specifically, I look at U(1) bundles P,, — X, — defined as



the tensor of the “tautological” bundle SU(3) — X, with itself n times — along
with the aforementioned four-dimensional family of G5 structures. For g # 1,
my results constitute a complete classification of SU(3)-invariant deformed Gy
instantons on P, with respect to SU(3)-invariant coclosed Gy structures. Using
the non-isolatedness of some of the deformed G5 instantons on X, we are able to
show that a certain cohomological invariant which I denote ¢(Xj, ) is nonzero
for some of the G5 structures ¢ under consideration.

In Section 8, I look at the special case X, considering a larger space of
connections on P, (3-dimensional instead of 1-dimensional) in accordance with
the larger space of SU(3)-invariant 1-forms on X;. As the Gy structure varies,
the space of SU(3)-invariant deformed G2 instantons on P,, undergoes a number
of singularities, one of which involves a circle and two points instantaneously
becoming a 2-sphere. Deformed G5 instantons on X7 were also studied by Lotay
and Oliveira [18], but from a tri-Sasakian point of view. In the subsection 8.1,
I relate their results to my own.

Lastly, in Appendix A, I compute the dimension of the vector space of SU(3)-
invariant p-forms on X, for all p and ¢. I then show that, while X, has more
SU(3)-invariant G5 structures than X, with 0 < ¢ < 1, it has no more SU(3)-
invariant coclosed G structures, a fact that was overlooked in [2]. On the other
hand, I show that X; has a 10-dimensional space of SU(3)-invariant coclosed
G5 structures, more than the other Aloff-Wallach spaces.

2 (9 Structures on Manifolds

On R7, we define a 3-form
©o = €123 + €145 + €167 + €246 — €257 — €347 — €356 (1)

(Here e1,...,e7 is the standard basis for the dual space of R7, and e;j; =
eiNejAey.) The subgroup of GL(7,R) consisting of linear transformations that
preserve (g is known as G5. This is a 14-dimensional compact Lie group, and is
in fact one of the exceptional compact simple Lie groups; its name comes from
the fact that it corresponds to the Dynkin diagram conventionally labeled Gs.
A fundamental theorem of G2 geometry states that Go C SO(7), or in other
words, any linear transformation that preserves ¢ also preserves the standard
inner product on R” as well as the orientation. G acts transitively on pairs
of orthogonal unit vectors in R”, and also on triples of orthogonal unit vectors
(u,v,w) with @o(u,v,w) =0.

The definition of y can be motivated by the algebra of the octonions Q. On
the imaginary octonions (a 7-dimensional vector space denoted Im Q), we have
a bilinear map x : ImO x Im O — Im O given by u x v = Im(uv) = 1 (uwv —vu).
This shares some properties with the cross product in 3 dimensions (justifying
the notation); in particular, u x v is orthogonal to both v and v, with length
equal to the parallelogram spanned by uw and v. Thus the multilinear map
(u,v,w) — {u x v,w) is alternating. In fact, under certain bases for Im Q, this

map is precisely ¢g.



We can also describe ¢q in terms of the standard SU(3) structure on C3; I
will elaborate on this later.

If V is a 7-dimensional vector space, then a G5 structure on V is defined as
a 3-form ¢ € AV* which is related to o by a linear isomorphism R” — V.
Alternatively, we can define a G5 structure on V' to be a G5 orbit in the set of
bases R” — V. Since G2 C SO(7), a G structure on V determines an inner
product as well as an orientation on V.

If M is a 7-dimensional manifold, then a G5 structure on M is defined as
a 3-form ¢ € Q3(M) which gives a Go structure on every tangent space; this
is equivalent to a principal G5 subbundle of the frame bundle of M. A Gq
structure on M determines both a Riemannian metric and an orientation on
M. So we can define a 4-form 1) = xp € Q* M); this is sometimes called
the “coassociative form” of the G5 structure, while ¢ is called the “associative
form”.

The coassociative form of the standard Gg structure pg on R7 (which by
definition determines the standard inner product and orientation on R7) is

1o = eas67 + €2367 1 €2345 + €1357 — €1346 — €1256 — €1247- (2)

Similar to how a manifold with U(n) structure can be a “Hermitian mani-
fold” or an “almost Kéhler manifold” or a “K&hler manifold” depending on the
vanishing of various derivatives and torsion tensors, there are several important
types of G4 structure:

Definition 2.1. On a 7-dimensional manifold M, a G5 structure ¢, ¥ = *p is
called

e closed if dp =0,

o coclosed if dyp =0,

o parallel (or torsion-free) if Vi = 0, where V is the Levi-Civita connection,
e nearly parallel if dp = A\ for some \ € R*.

If M is a manifold with parallel G5 structure ¢, then the parallel transport
around any loop in M preserves ¢, so the Riemannian metric on M has holon-
omy contained in Gy. Along with Spin(7) (realized as a subgroup of SO(8)), Gs
is one of the two exceptional holonomy groups on Berger’s list, which means that
it is possible for a non-locally-symmetric Riemannian manifold to have holon-
omy exactly G3. The first examples of complete Riemannian manifolds with
holonomy exactly G2 were found by Bryant and Salamon [5]; the first compact
examples were found by Joyce [12].

In general, a parallel form on a Riemannian manifold is always closed and
coclosed, so in a parallel G5 structure, we have dp = dip = 0. In fact, the
converse also holds [13], so the parallel G5 structures are precisely those that
are both closed and coclosed.

More relevant to the present study are the nearly parallel G5 structures.
Note that a nearly parallel Go structure is necessarily not closed (hence not



parallel), since we require that A # 0. On the other hand, every nearly parallel
G structure is coclosed, since dy = §d2<p = (0. A nearly parallel G5 structure on
M induces a parallel Spin(7) structure on the Riemannian cone of M, and vice
versa, so nearly parallel Go structures fall into a paradigm that also includes
Sasakian structures (corresponding to Kéhler structures on the Riemannian
cone) and tri-Sasakian structures (corresponding to hyper-Ké&hler structures on
the Riemannian cone). Since metrics with holonomy contained in Spin(7) are
Ricci-flat, one can prove that every nearly parallel Go manifold M is positive
Einstein, specifically Ric = %)\29 where Ric is the Ricci tensor and g is the
metric [8]. If the metric is complete, this implies that M is compact with trivial
first cohomology: bl (M) = 0.

For any G5 structure ¢, ¥ on a manifold M, we have the following definition.

Definition 2.2. A submanifold N C M is called

e associative if N is 3-dimensional with ¢ restricting to the Riemannian
volume form on N,

e coassociative if N is 4-dimensional with v restricting to the Riemannian
volume form on N.

The standard associative form ¢ and coassociative form 1y on R7 satisfy

lpo(ur, uz,uz)| <1 [0 (U1, ug, us, ug)| < 1

whenever the u; € R are orthogonal unit vectors. So ¢, satisfy the same
inequalities on every tangent space of M. We conclude that, if the G5 structure
p is closed, then ¢ is a calibration, and associative submanifolds are volume-
minimizing. Similarly, if the G5 structure is coclosed, then 1 is a calibration, and
coassociative submanifolds are volume-minimizing. (See [17] for an introduction
to calibrated geometry.)

Any G4 structure on a manifold M induces an orthogonal splitting A2T* M =
A2T*M @ A3, T* M, where the subscripts indicate the ranks of the vector bun-
dles. These can be defined as the eigenspaces of the map a — *(a A ), with
eigenvalues 2 and —1 respectively.! On sections, the decomposition is denoted
Q3(M) = Q3(M) & Q2,(M). In addition to the eigenspace definition, we have
the alternative characterizations

QHM) = {x(ary) | a € QN (M)}
QM) ={a € Q*(M) | any =0}
Lastly, the decomposition can be understood from a representation theory point
of view. The action of G5 on A%(R7)* splits into two irreducible representations:

one 7-dimensional and isomorphic to the action of G5 on R7, and the other 14-
dimensional and isomorphic to the adjoint action of G5 on its Lie algebra.

1Some authors, e.g. [13], use the opposite convention for the orientation determined by a
G2 structure, in which case the eigenvalues are —2 and 1.



A G5 structure likewise induces an orthogonal splitting of 3-forms into irre-
ducible Gy representations: AST*M = AJT*M @& A3T*M & A3, T*M. We have
the characterizations

V(M) = {fe| f e (M)}

QB(M) = {x(arp) |ae Q' (M)}

Q3 (M) ={ac (M) |anp=aAp =0}
The decompositions of A2T*M and A3T*M give decompositions of AST*M and
A*T*M by taking the Hodge star. I will use the notation 7 : QP(M) — QF (M)
for the projections.

As hinted at earlier, we can relate the standard G structure g on R7 to
the standard SU(3) structure on C3. Specifically, on C?, we have the complex
1-forms dz1, dzs, dzs, the symplectic form w = 2% Z§:1 E A dz;, and the holo-
morphic volume form T = dz; A dzo A dzg. If we write dz; = e(g;) + ie(2j4+1),
then

W = €23 + €45 + €67

1,2
5W" = e4567 1 €2367 1 €2345
ReY = ea46 — €257 — €347 — €356

ImY = —e357 + €346 + €256 + €247
So, if we identify R” with R x C?, we have
wo =e1 Aw+ ReT
Py = %wQ —e; AImT.
On manifolds, this gives the following theorem.

Proposition 2.3. Let X be a Calabi-Yau 3-fold with Kdhler form w and holo-
morphic volume form Y. Let M =5 X be a principal S* bundle with connection
n, thought of as a real-valued 1-form n € QY(M,R). Define

p=nAm'w+ 7" ReY
Y = %71'*0.}2 —n A Im7Y.
Then o is a Gy structure on M with coassociative form .

(Actually, the manifold X in Proposition 2.3 need not be a Calabi-Yau mani-
fold; it need only have an SU(3) structure. However, in the following proposition,
we will use the fact that w and T are closed.)

Proposition 2.4. In the setting of Proposition 2.3, the Go structure o, is
1. closed if and only if the connection n is flat,
2. coclosed if and only if the curvature F, € Q*(X,R) has bidegree (1,1),



3. never nearly parallel.

(Since the condition for closed is stricter than the condition for coclosed, we see
that if the Gy structure is closed, it is in fact parallel.)

Proof. Note that dn = 7*F},. We compute
do =" (F) Nw) dp = =" (F,; AImT).

Since 7 is a surjective submersion, 7* is injective on forms. Thus dp = 0 if
and only if F,, Aw = 0. Wedging with w is an isomorphism from Q2(X) to
Q*(X) (this is true on any 6-dimensional symplectic manifold), so this means
that F;, = 0.

Similarly, diy = 0 if and only if F;, AImY = 0. Wedging with ImT gives
an isomorphism from Q%°(X) to 023(X) and from Q%2?(X) to Q32(X), but
is 0 on Qb1(X). (This can be seen by noting that on C3, we have ImYT =
%(dzl Ndzo Ndzs—dzi AdZa NdZ3).) So Fy AImY = 0 if and only if F;, € Qbl(X).

Lastly, note that dy cannot be a nonzero multiple of 1, since ¥ has a com-
ponent that includes 7. O

2.1 The Canonical Complex

Let M be a manifold with coclosed G4 structure ¢,1. We have a sequence of
differential operators

Q°(M) L5 ' (M) 2 Q5 (M) 22 Q7 (M), (#,)

where D, (o) = daAp, and dy, dg are the exterior derivatives indexed by degree.
Note that (#,) is a chain complex, since 9 is closed. It is in fact an elliptic
complex, meaning the sequence of principal symbols is exact away from the zero
cross section of T*M [15]. The adjoints of the operators are

df = —xdgx df = —xdox D}, = *Dx. (3)

If we furthermore assume that A is compact, then since (#,) is an elliptic
complex over a compact manifold, we get Hodge decompositions

Q' (M) = imdy @ im D}, & (ker dj Nker D)
Q5(M) = imd} @ im D, @ (ker dg N ker D7),

where the third component of each decomposition is finite-dimensional and iso-
morphic to the respective cohomology. Using the formulas in (3), we see that
the decomposition of Q!(M) is related to that of Q°(M) by the Hodge star map;
as a result, the two middle cohomologies of (#) have the same dimension.

Recall that we also have a Hodge decomposition for Q' (M) coming from the
de Rham complex:

QY (M) = imdy @ imd} & (kerd; Nkerd,).



Since im D, C imds, we know that im D:; C imdj; we also have kerd; C
ker D,. So we can refine the two decompositions of Q'(M) to get a fourfold
decomposition

QY(M) =imdy @ im Dy, @ (ker dj Nkerdy) @ (ker Dy, Nimdy), (4)

where the third and fourth components are finite dimensional. I will denote
the dimension of the fourth component as ¢(M, ¢) = dim(ker D, Nimd}). This
can also be expressed as the difference between the dimensions of cohomology
groups: (M, ) = dim H'(#,) — b (M).

Proposition 2.5. For a compact manifold M with coclosed Go structure ¢, the
following are equivalent:

(i) <(M, ) =0.

(i1) ker D, = kerd, .
(tt) im D, = imds.

(iv) imdy N Q3, (M) = 0.

Proof. Note that ker d; is the sum of the first and third components in (4), while
ker D, is the sum of the first, third, and fourth components. So the kernels are
equal if and only if the fourth component ker D,Nim dj is 0, that is ¢(M, ¢) = 0.
This proves the equivalence of (i) and (ii).

Property (iii) can equivalently be written as im D7, = imdj by taking the
Hodge star. Note that im D} is the second component in (4), while im dj is the
sum of the second and fourth components. We conclude that (iii) is equivalent
to (i).

Lastly, note that (ii) and (iv) can both be stated as: for all o € Q'(M) such
that da Ay = 0, we have da = 0. O

The properties in Proposition 2.5 are satisfied when the G5 structure is
parallel or nearly parallel:

Proposition 2.6. If M is a compact manifold with parallel or nearly parallel
Go structure @, then <(M, ) = 0.

Proof. Let 1 be the coassociative form of ¢. Since ¢ is parallel or nearly parallel,
we know that dy = A for some (possibly zero) A € R.

Take some o € QY (M) with da A1 = 0; this implies that da A ¢ = —xda by
one of the characterizations of Q2,(M). Thus

—d*xda = d(da N p) = daANdp = Ada AN = 0.

So (da,da) = {d*da,a) = 0, which implies that dow = 0. In conclusion,
ker D, C ker d;, which means that ¢(M, ) = 0. O

Although the ¢ notation is my own, Proposition 2.6 is a known result; see [10,
Theorem 9] (noting that the authors’ definition of “nearly parallel” includes the
parallel case).



2.2 The Curl Operator

On a manifold M with coclosed G4 structure ¢,, we can define an order-1
differential operator curl, : Q'(M) — Q'(M) by

curly () = *Dy (o) = *(da A ).

(Compare the curl operator on an oriented Riemannian 3-manifold, which is
defined by o +— xda.) Since the adjoint of D, is xDgx, we find that curl,
is self-adjoint. Note that the kernel of curl, is the same as the kernel of D,
and contains all closed 1-forms (hence is infinite-dimensional). Meanwhile, the
image of curl, is included in the space of coexact 1-forms imdj, since we are
assuming that 1 is closed. Specifically, curl,(a) = d*x(a A ).

From the canonical complex (#), we get a self-adjoint elliptic order-2 Lapla-
cian operator A, : Q'(M) — Q*(M), which can be written in terms of curl,:

A, =dd* + DD, = dd* + curl’ . (5)

As an aside, we have the following theorem relating A, to the Hodge Laplacian
Ag =dd* + d*d.

Proposition 2.7. If the Gy structure ¢ is parallel or nearly parallel, with dy =
A, then Ay, = Ag + Acurly,.

Proof. In the parallel case, we cite [19, Proposition 4.1.3] to obtain Ay = dd* +
curli; comparing this with (5), we get A, = Ay. Note that the operators
that Suan denotes grad, div, curl, A correspond to d, —d*, curl,, A4 via the
metric-induced isomorphism between vector fields and 1-forms. (The last of
these correspondences relies on the Weitzenbock identity and Ricci-flatness.)
In the nearly parallel case, we cite [8, Corollary 2.8] to obtain Ag+ A curl, =
dd* + curli, where the same remarks apply concerning grad, div, curl. Compar-
ing with (5), we get A, = Ag+ Acurl,. O

Inspired by [3], which discusses curl operators *d on odd-dimensional ori-
ented Riemannian manifolds, I will now prove some properties of the spectrum of
curl,. The following theorem shows that any eigenvector of curl, with nonzero
eigenvalue is also an eigenvector of A,.

Proposition 2.8. Let M be a manifold with coclosed Gy structure p. Suppose
that « € QY (M) is nonzero and satisfies curl,a = Aa with X # 0. Then
Aya = Na.

Proof. Since o = %curlw a, we see that a € imdj, and thus d*a = 0. So by

equation (5), we have A o = curli a = \a. O

Although I am stating things in terms of smooth differential forms, this result
should also hold if a belongs to a larger space such as a Sobolev space. Then
since A, is elliptic, we can apply elliptic regularity to find that eigenvectors of
curl, with nonzero eigenvalue are smooth.
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If M is compact, then since A, is a positive self-adjoint elliptic operator
on a compact manifold, its spectrum is an unbounded set of nonnegative real
numbers with no accumulation points, and the eigenspace of A, associated to
every eigenvalue is finite-dimensional. Thus we obtain the following theorem.

Proposition 2.9. On a compact manifold M with coclosed G5 structure ¢, the
spectrum of curly, is a discrete subset of R with no accumulation points, and the
eigenspace of curl, associated to every nonzero eigenvalue is finite dimensional.

Proof. If X is a nonzero eigenvalue of curl,, then by Proposition 2.8, A? is an
eigenvalue of A,. So the spectrum of curl, is discrete and has no accumulation
points. Moreover, the A-eigenspace of curly, is contained in the A\*-eigenspace of
A, hence is finite dimensional. O

An asymptotic formula for the number of positive or negative eigenvalues of
curl, is given by the following theorem.

Proposition 2.10. Let M be a compact manifold with coclosed Go structure
w. For all X > 0, let Ny ()\) be the number of positive eigenvalues of curl,
below A, and let N_(\) be the number of negative eigenvalues of curl, above
—\; here we are counting the eigenvalues with multiplicity. Then we have the
Weyl asymptotic formulas

_ Vol(M)

Ni(\) = 580 AT+ 0(N9).

Vol(M)
28071

as A — oo. This implies that the ratio between N (\) and A7 approaches

1 as A — oo.

Proof. T have based my computation on [3, Theorem 3.6], which cites [11, The-
orem 0.1]. Recall that Q'(M) has an orthogonal decomposition as ker D, &
im Dg, which we can also write as ker curl, @ im curl,. We have the restriction
curly, : im D — im Dj%, whose eigenvalues are the nonzero eigenvalues of curly,.
Let IT : Q'(M) — Q'(M) denote the orthogonal projection onto im D}. At
& € T M, its principal symbol o(I1)(§) : (ToM)c — (T M)c is the orthogonal
projection onto the image of o(D}%)(€) : (ATyM)c — (T M)c. By ellipticity
of (#,), we have

imo(D})(€) = (imo(do)(€))" = €%,

so o(I1)(€) is the orthogonal projection onto £+. Meanwhile, o(curl,)(€) sends
a € (TrM)c to (i€ A a A1p). Using the fact that Go acts transitively on unit
vectors, we can find an orthonormal basis ey, ..., e; for TA M with e; = £/|¢] in
which v takes the form (2). Then o(curl,)(&)(a) = i|¢|x(e1 A9 A ), and we
see that o(curly,)(§) has the eigenvalues 0 (multiplicity 1, corresponding to the
eigenvector &), |¢| (multiplicity 3), and —|¢| (multiplicity 3).

Let 74(&) : (TyM)c — (TxM)c denote the orthogonal projection onto the
eigenspaces of o(curly,)(§) with eigenvalue in [0, 1]; similarly, let #_ (&) denote

11



the projection onto the eigenspaces of o(curly)(§) with eigenvalue in [—1,0].
By [11, Theorem 0.1], we have Ny (\) = kA7 + O()\%), where

o= 207 [ a0 (©) das

If 0 < [€] <1, then 74 (£)o(IT)(€) is a projection onto a 3-dimensional space
(namely the %|¢| eigenspace of o(curl,)(€)), hence has trace 3. And if [£] > 0,
then 74 (&)o(I1)(€) = 0. So we see that

kit = (2m) "7 Vol(M)3v,

where v7 is the volume of the unit ball in 7 dimensions. This is v7 = %, SO
we conclude that Vol(M)
0
= —" O
T T804

As an immediate corollary, we see that the spectrum of curl, is unbounded
in both directions, and is asymptotically symmetric in the sense that
Ni(\
o N+
A—oo IN_ (A)

=1

Lastly, I will relate curl, to another “curl” operator, namely +d : O3(M) —
Q3(M), which is studied in [3] (along with its analogues in other dimensions).
The author of [3] briefly mentions the operator that I denote curl,, but states
that “there seems to be no relation” since the vector bundles have different
ranks. In fact there is a relation, by way of the rank-7 subbundle Q3(M).
Specifically, we define P : Q3(M) — Q3(M) by P(a) = m7(xda), and recall that
there is an isomorphism f : QY(M) — Q3(M) given by f(a) = x(a A ¢). Then
in the (nearly) parallel case, we have the following theorem relating P to curl,.

Proposition 2.11. Let M be a manifold with parallel or nearly parallel G
structure, so that dp = A\ for some X € R. Then for all « € QY (M), we have

FHP(f(a) = %curlw(a) + ga.

where P, f are defined as above. (In the parallel case, X = 0, so curl, = fto
2Pof.)

Proof. In the nearly parallel case, we cite [8, Lemma 2.11] and find that, for all
a € QY (M),

1 A
—mrd(of Jv) = (2 curl, (o) + 4a) A @,

where we are using the decomposition of Q*(M). Taking the Hodge star of both
sides and using the fact that af 41 = —x(a A @) = —f(a), we get

PUf(@) = £ cwly(e) + o).

12



In the parallel case, we cite [7, Proposition 2.25], specifically the section of the
proof listed under (iii), ¥ = 3. One must account for the fact that the the cited
paper uses the opposite orientation convention, which means that x and v are
negated (while curl, is unchanged). O

The curl operator and its spectrum has some relevance to the theory of
deformed G5 instantons, since it appears in the Hessian of a functional which
has deformed G instantons as its critical points; see Section 4.3.

3 Connections on Manifolds with G5 Structure

3.1 The G, Instanton Equation

Definition 3.1 (Gs instanton). Let (M, ¢, ) be a manifold with G structure,
and let P — M be a principal G-bundle, for some Lie group G. A connection A
on P is called a G2 instanton if its curvature form Fs € Q?(M,ad(P)) is in fact
in Q2,(M, ad(P)). This means that Fs A1) = 0, or equivalently, xF4 = —F4 A¢.

If the G structure is closed or nearly parallel, then every G5 instanton A
is Yang-Mills in the sense that da(xF4) = 0. Indeed, closed and nearly parallel
G5 structures both satisfy the equation dp = Ay for some A € R. If this is the
case and A is a (G2 instanton, then

dA(*FA)ZdA(—FA/\gO):—(dAFA)/\gO—FA/\(ng)Z—)\FA/\¢=O.

Moreover, in the closed case, G2 instantons have the stronger property that they
are energy-minimizing:

Proposition 3.2. Let (M, ) be a compact manifold with closed Gy structure.
Let G be a Lie group equipped with a G-invariant inner product on its Lie
algebra Lie(G), and let P — M be a principal G-bundle. Given a connection A
on P, we can define its energy as ||Fa|* = Jas(Fa, Fa)volys, where the inner
product comes from the Riemannian metric on M as well as the inner product
on Lie(G). Then Go instantons, if they exist, have the least energy among all
connections on P.

Proof. Let A be a connection on P. By Chern-Weil theory, the cohomology
class of (Fa A Fa) € Q% M) does not depend on A. Then since ¢ is closed,
the integral [, (Fa A Fa) A ¢ does not depend on A; call this ¢(P). Write
Fy = 7m7Fy +m4Fa, where x(m7Fa A @) = 2m7F 4 and *(m14Fa A p) = —m14F 4.
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Then ||F4||* = |77 Fall® + ||m1aFal®, and
C(P) :/ <7T7FA/\7T7FA>/\<,0+/ <7T14FA/\7T14FA>/\(p
M M

= / (7 Fa A (m7F4 A @) +/ (m1aFa N (m1aFa N p))
M M

:2/ <7T7FA/\*7I'7FA>7/ <71'14FA/\*7T14FA>
M M

:2/ <7T7FA,7T7FA>V01M7/ (m14F 4, m4Fa)voly
M M
= 2||mrFall® — |maFal.

(The exclusion of the “cross terms” in the first line is justified by the fourth
line: if we had included the cross terms, we would find that they are equal to
integrals of (m7F 4, m14F4) = 0.) We can combine these equations to get

2 2
[Fall” = 3llmr Fall” = c(P).

So G instantons (connections A satisfying |77 F4||* = 0) have the least energy
among all connections. Moreover, they have energy —c(P), and can only exist
on bundles with ¢(P) <0. O

G- instantons over nearly parallel G5 manifolds, although they are Yang-
Mills, need not be energy minimizing. Indeed, in [2], the authors find Gs in-
stantons over the Aloff-Wallach space Xy equipped with a nearly parallel G4
structure which are not even locally energy-minimizing, instead being saddle
points of the energy functional.

G> instantons are related to another type of connection, namely Hermitian
Yang-Mills connections. These are defined as follows.

Definition 3.3 (Hermitian Yang-Mills connection). Let M be an n-complex-
dimensional Ké&hler manifold with Ké&hler form w. Let £ — M be a rank-r
Hermitian vector bundle over M. Note that E corresponds to a principal U(r)
bundle P — M (namely its unitary frame bundle), and ad(P) is canonically
isomorphic to the subbundle u(E) C Endc(FE) consisting of anti-self-adjoint
maps. A unitary connection A on E, which is the same as a connection A on
P, has curvature form Fy € Q*(M,u(E)). We call A a Hermitian Yang-Mills
connection if F4 has bidegree (1,1) and

Fa Axw = Avoly @ il. (6)
for some constant A € R. Since xw = % and voly; = %’ we can also write

equation (6) as
nFA A" = \" @il (7)
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If M is compact, then the constant A is determined by the bundle E and
the Kéhler form w. Specifically, we can take the trace of both sides of (6) and

integrate to get
27

A= W /M c1(E) A [*w].
Here, c1(F) denotes the first Chern class of E, which satisfies the equation
C1(E) = %[tr(FA)].

If M is a Kéahler manifold of real dimension 4 and F — M is a Hermitian
vector bundle, then a connection on F is an anti-self-dual instanton if and only if
it is Hermitian Yang-Mills with A = 0. This is because the anti-self-dual 2-forms
on M are precisely the (1, 1) forms that are orthogonal to w. So Hermitian Yang-
Mills connections are a generalization of ASD instantons to higher dimensions
and to nonzero values of A.

The relationship between HYM connections and G5 instantons that I hinted
at earlier is given by the following proposition.

Proposition 3.4. Let (X,w,Y) be a Calabi-Yau 3-fold and let M =5 X be an
S bundle with connection 1, giving a Go structure on M as in Proposition 2.3.
Let E — X be a Hermitian vector bundle, and let A be a unitary connection on
E, giving a unitary connection w*A on the pullback bundle 7*E. Then w*A is
a Gy-instanton if and only if A is Hermitian Yang-Mills with A = 0.

Proof. The coassociative form ¢ on M is given by
Y= 71'*‘*’72 —n A Im(Y).
So the G instanton equation for 7*A (which has curvature 7*F4) is

T (FA A %) — AT (Fa Am(T)) = 0.

This holds if and only if both Fiq A “’72 =0 and Fy AIm(Y) = 0. The former
equation is equation (7) in the case n = 3 and A = 0, and the latter is equivalent
to the statement that Fy is (1,1). O

3.2 The Deformed G5 Instanton Equation

If M is a smooth manifold and E — M is a Hermitian vector bundle, we get
an “adjoint” map (a + af) : QP(M,Endc(E)) — QP(M,Endc(E)). Pointwise,
this is just the tensor of the identity map on APT}M with the adjoint map
Endc(E;) — Endc(E,). Then QP(M,u(E)) can be characterized as the set of
forms a € QP(M, Endc(F)) such that af = —a. We also have a wedge product
A @ QP(M,Endc(E)) x Q4(M,Endc(F)) — QPTY(M,Endc(FE)) coming from
composition of endomorphisms. Together, these operations satisfy the following
rule: If & € QP (M, End¢(E)) and 5 € Q4(M, Endc(E)), then

(@A p)l = (~=1)PBT A,

From this fact, we see that, if a € QP(M,u(E)) with p even, then o* is self-
adjoint for k even and anti-self-adjoint for £ odd.
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Definition 3.5 (Deformed G instanton). Let (M, ¢, %) be a manifold with G
structure, and let £ — M be a Hermitian vector bundle. A unitary connection
A on F is called a deformed G5 instanton if

1
6Ffﬁrz«“Am/J:o. (8)

By the preceding remarks, the left hand side of this equation is always in
QS (M, u(E)).

Note that equation (8) is identical to the definition of a G5 instanton (Defi-
nition 3.1), but with the addition of the F} term. So a deformed G> instanton
A with F3 = 0 is also a G instanton. (This is always the case if A was pulled
back from a connection on a manifold of dimension less than 6.)

If (M,p,v) is a manifold with Gs structure and E — M is a Hermitian
vector bundle, let Q : Conn(E) — Q5(M,u(E)) be the map Q(A) = £ F3+F4A
¢. (Here, Conn(FE) is the space of unitary connections on E.) By definition,
a deformed G5 instanton is an element of Q71(0). Recall that we can regard
Conn(E) as an affine space over Q!(M,u(E)), and that, if A € Conn(E) and
a € QY(M,u(E)), then Fayo = Fa +daa+ a A a. It follows that, if A €
Conn(E), then the linearization of Q at A, which I denote §4Q : Q' (M, u(E)) —
Q%(M,u(E)), is given by

1
5AQ(04) = g(dAOé/\Fj —i—Fg/\dAOé—‘rFA/\dAO&/\FA) +daa A. (9)

This simplifies if ' is rank 1; see Section 4.1

To motivate Definition 3.5, I will show how deformed G5 instantons are
related to a more well-known type of connection, namely deformed Hermitian
Yang-Mills connections. The definition of the latter can be derived as follows.
Let (M,w) be an n-complex-dimensional Kéhler manifold, and let £ — M
be a Hermitian vector bundle with unitary connection A. Recall that A is a
Hermitian Yang-Mills connection (Definition 3.3) if and only if F4 is (1,1) and

nw" P A Fa =Mo" @4l (10)

for some A € R. Note that nw"” ' A Fy and w™ @ I are both terms in the
expansion of Q = (w® I + F4)". Explicitly, the self-adjoint part of € is

Q+ ot
J; _(.L)”®I—|—<72L)(.u”2/\Ffl-|-...7 (11)
and the anti-self-adjoint part of 2 is
Q-of
5 =nw" P A Fa+ <§>w"3AF§+..., (12)

If we replace w™ ® I with QZQT and nw" ! A Fy with szm in equation (10),
we obtain a “deformed” version of the HYM equation:
Q-Qf 0+ of

= . 1
5 iA 5 (13)
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(In the “large volume limit”, where w is scaled up by a large factor, the sums in
(11) and (12) can be approximated by their first terms, and thus equation (13)
can be approximated by equation (10).) If we write A = tan 6, then equation (13)
becomes e~ Q) = Q) which states that e~ is self-adjoint. This motivates
the following definition.

Definition 3.6 (Deformed Hermitian Yang-Mills connection). Let (M,w) be
an n-complex-dimensional K&hler manifold, let £ — M be a Hermitian vector
bundle, and let 6 be some real number. A unitary connection A on E is called
a deformed Hermitian Yang-Mills connection with phase e if Fy is (1,1) and
the form

e we T+ Fa)" € Q*(M,Endc(E))
is self-adjoint.

If M is compact, then 6 is constrained by the vector bundle F, as with the
A parameter in the definition of a Hermitian Yang-Mills connection.

The relationship between deformed HYM connections and deformed G5 in-
stantons is the same as that between HYM connections and Go instantons
(Proposition 3.4).

Proposition 3.7. Let (X,w,T) be a Calabi-Yau 3-fold and let M = X be an
St bundle with connection n, giving a Gy structure on M as in Proposition 2.3.
Let E — X be a Hermitian vector bundle, and let A be a unitary connection on

E, giving a unitary connection ©*A on the pullback bundle m*E. Then w*A is
a deformed Gg-instanton if and only if A is deformed HYM with phase 1.

Proof. By the same argument as in Proposition 3.4, we see that 7*A is a de-
formed G instanton if and only if F4 AIm(Y) =0 and §F§ + F4 A “’72 =0. The
first equation is equivalent to the statement that Fq is (1,1). And the left hand
side of the second equation is % times the anti-self-adjoint part of (W I+ F4)",
so the second equation is equivalent to the statement that (w ® I + F4)™ is
self-adjoint. O

Both deformed HYM connections and deformed G5 instantons are primar-
ily studied for rank-1 Hermitian vector bundles, or equivalently, principal U(1)
bundles. I have considered higher-rank bundles in this section to demonstrate
that the definition of deformed G4 instanton still makes sense for higher-rank
bundles (and is related to deformed HYM connections and thence HYM connec-
tions in the same way as in the rank-1 case). But in most of the remainder of
this paper, including the sections on Aloff-Wallach spaces, I will be considering
deformed G5 instantons on principal U(1) bundles.

In the rank-1 case, several simplifications occur. If £ — M is a Hermitian
line bundle, then Endc(E) is the trivial bundle M x C, and u(E) is the trivial
bundle M xiR. Analogously, if P — M is a U(1) bundle, then ad(P) = M xR.
If a connection is modified by a € Q'(M,iR), then its curvature (an element
of Q?(M,iR)) changes by da. A gauge transformation is given by a smooth
function o : M — U(1); this acts on connections by sending A to A + o~ tdo.
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Note that o~ !do is a closed form (locally we can find f : M — iR such that
o = exp f, and then 0 ~'do = df), so the curvature of a connection is invariant
under gauge transformations. In fact, a pure imaginary 1-form can be written
as 0~ do for some o : M — U(1) if and only if it is closed with cohomology
class equal to 2m¢ times some integral cohomology class.

For parallel G2 manifolds, there is a theory of mirror symmetry, in which two
(G manifolds M, W have fibrations M — B < W to a shared 3-dimensional
base manifold B whose fibers are coassociative 4-tori. It seems that there is a
correspondence between deformed G2 instantons on W and associative sections
of M — B equipped with flat connections. If instead B is 4-dimensional and the
fibrations M — B < W have associative 3-tori as fibers, then there seems to
be a correspondence between deformed G5 instantons on W and coassociative
sections of M — B equipped with anti-self-dual connections. [16]

4 Results on Deformed G, Instantons

4.1 The Associated GG, Structure

Let (M, ¢, 1) be a manifold with Go structure, and let P — M be a principal
U(1) bundle. As in Section 3.2, we get a nonlinear differential operator Q :
Conn(P) — Q%(M,iR), defined by Q(A) = $F% + Fa A, whose zeroes are the
deformed G5 instantons. Since even-degree complex-valued forms commute, the
formula (9) for the linearization of Q at a connection A simplifies to

54Q(a) =da A (3F3 +). (14)

If A is a deformed G5 instanton, then the 4-form %Ff‘ + 1) appearing in (14) is,
up to sign, the coassociative form of a new G structure depending on A and
. Specifically, we have the following theorem, citing [15].

Proposition 4.1. Let A be a deformed Gy instanton on the U(1) bundle P —
M with respect to the Gy structure ,v. Then the real-valued function 1 +
5(F3,v) is nonvanishing. So we can define

—3/4

pa= U+ 3R] (rar+ (.

Here (—iF4)* denotes the type (1,1) tensor v — (—iFa(v, —))*, and the asterisk
denotes a pullback (or pointwise composition). Then @4 is a Ga structure on
M, with coassociative form

1

¢A=i<2fo+¢>,
where the + is the sign of 1 + %(Fj, ).

Proof. See [15, Section 3.3] and [15, Appendix C]. The key theorem is [15,
Theorem C.1]. O
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So the lineariza‘gion of @ at a deformed G5 instanton A can be written as
049(a) = £(da AN 1p4). Note that

o If A is flat, then p4 = .
o If Fy = F4 (meaning A and A’ differ by a closed form), then ¢4 = @ /.

e If ¢ is closed, then so is z/NJA. In other words, if ¢ is a coclosed G structure,
then so is ¢ 4.

In the coclosed case, we have the following theorem.

Proposition 4.2. Let M be a manifold with coclosed Go structure p,1. Let
P — M be a principal U(1) bundle, and let Q(A) = %Fg + Fa N9 be the
nonlinear differential operator whose zeroes are deformed Go instantons on P.
Then if A is a deformed Gy instanton on P, the linearization d,Q belongs to
an elliptic complex

QO(M,iR) % Q(M,iR) 242 Q8 (M, iR) % Q7(M, iR). (15)

Moreover, if M is compact, the two middle cohomology groups of this complex
have the same dimension, namely b* (M) 4+ ¢(M,p4).

Proof. Note that (15) is essentially the canonical complex of the coclosed Ga
structure 4 (but acting on imaginary forms, and with the middle operator
possibly negated). So we can apply the results of Section 2.1 to find that (15)
is an elliptic complex with cohomology groups of the stated dimensions. O

4.2 Deformation Theory of Deformed G, Instantons

Let M be a compact manifold with coclosed G2 structure ¢, v, and let P — M
be a principal U(1) bundle. As before, let Q(A) = $ F 4+ F4 At be the deformed
G5 instanton operator. Note that Q takes values in a single cohomology class,
so if there are any deformed G instantons, then Q takes values in dQ®(M, iR).
I will denote by D(M, o, P) the moduli space of deformed Go-instantons on P
modulo gauge transformations. Since the moduli space of all connections mod-
ulo gauge transformations is a metrizable topological space [15], D(M, ¢, P) is
also metrizable (and in particular is Hausdorff). Moreover, we have the following
two results, proven in [15].

Proposition 4.3. Suppose that A is a deformed G4 instanton on P with the
property that (M, $4) = 0. Then the connected component of [A] in D(M, ¢, P)
is homeomorphic to a torus of dimension b*(M).

Proof. See [15]. A sketch of the proof is as follows. By Proposition 4.2,
we have an elliptic complex (15) containing d4Q in which both middle co-
homology groups have dimension b!'(M). This means that ker(§4Q) consists
only of closed 1-forms, while im(d4Q) consists of all exact 6-forms, that is,
im(64Q) = dQ°(M,iR). Let dy : Q°(M,iR) — QY(M,iR) be the exterior
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derivative. We can think of ker(df) as the tangent space of A within the mod-
uli space of all connections, since it is the orthogonal complement of the in-
finitesimal gauge transformations im(dp). Define R : ker(df) — dQ°(M,iR)
by R(a) = Q(A + «). Since §oR = 64 Q is surjective with b*(M )-dimensional
kernel, the implicit function theorem for Banach spaces gives that R~1(0) is a
b (M)-dimensional manifold in the vicinity of 0, which means that D(M, ¢, P)
is a b'(M)-dimensional manifold in the vicinity of [A].

If 7 is any closed form in Q! (M, iR), then A+7 is also a deformed G instan-
ton, with a4y, = @a. So D(M,p, P) is a b'(M)-dimensional manifold in the
vicinity of [A+n]. Note that A+ is related to A by a gauge transformation if and
only if 7 is an integral closed form times 27i. So the subset of D(M, ¢, P) that
we obtain by adding closed forms to A is equivalent to H'(M,R)/2rH'(M,Z),
which is a b*(M)-dimensional torus. By comparing dimensions, we find that
this torus is the whole connected component. O

Proposition 4.4. Suppose that A is a deformed Gy instanton on P, and sup-
pose that either (i) the Go structure ¢ on M is parallel or nearly parallel, or (ii)
Fa # 0 on a dense set of M. Then for generic nearby coclosed Gy structures
(¢',0") such that ¢’ is in the same de Rham cohomology class as 1, we have
that for all connections A’ nearby to A which are deformed G4 instantons with
respect to @', the connected component of [A'] € D(M, ', P) is homeomorphic
to a b*(M)-dimensional torus.

Proof. See [15]. O
As a corollary of Proposition 4.3, we have the following:

Proposition 4.5. Suppose that the Gy structure ¢ on M is nearly parallel, and
that A is a flat connection on P (which is trivially a deformed Gy instanton).
Then [A] is an isolated point in D(M,p, P).

Proof. Since ¢ is nearly parallel, we know that b*(M) = 0 and (by Proposi-
tion 2.6) that ¢(M,¢) = 0. And since A is flat, we have $4 = ¢. So by Proposi-
tion 4.3, the connected component of [A] in D(M, ¢, P) is a 0-dimensional torus,
that is, a point. O

4.3 A Chern-Simons Type Functional

In [14], the authors introduce a “functional of Chern-Simons type” which has de-
formed G2 instantons as critical points. Recall that, if M is a smooth manifold,
E — M a Hermitian vector bundle, and Ay, A; two unitary connections on F,
the difference tr(F% ) —tr(F% ) € Q2*(M,C), known to be exact by Chern-Weil
theory, is given as the exterior derivative of the Chern-Simons transgression
form Csk(A(),Al) € 92]671(]\47 C) That iS, tI‘(Fﬁl) = tI‘(Fﬁo) + dCSk(AO, Al)
If we write Ay = Ag + 8 with 8 € QY (M, u(E)), and define A; = Ag + sf for
s € [0, 1], then

1
CSk(Ao, Ar) = k / tr(FE=1 A B) ds.
0

20



Note that Fa, = Fa, + sda,8 + s28 A B, so the integrand can be written as
a polynomial in s with coefficients in Q2*~1(M,C). The integration simply
replaces each power s/ with the constant 1/(j + 1).

To define the functional, suppose that M is a compact manifold with coclosed
G structure p, v, and E — M is a Hermitian vector bundle. Let 7 denote the
projection 7 : [0,1] x M — M. If A; is a smoothly varying unitary connection
on E for t € [0, 1], we get a unitary connection A on 7*E. We define

Fldod) = [ ta(exp(Fa +7°0), (16)
[0,1]x M

where we are only integrating the degree-8 component. Thus equation (16) can

also be written as

F (Ao, A1) =/

1 1
—tr(Fa) + = tr(F2) AT ). (17)
0,1]x M \ 24 2

As the notation suggests, this does not depend on the path from Ay to A;. Note
that F (Ao, A1) is real, since F'4 and F3 are self-adjoint. And if Ay, Ay, Ap are
three connections on E, we have

F(Ag, Az) = F(Ao, Ar) + F(A1, As)

by composing paths. In other words, the functionals F(Ag, —) and F(A1,—)
differ by a constant, hence have the same critical points.

Using Chern-Simons forms, we can put equation (17) into a form that refers
only to M as opposed to [0,1] x M. We start by noting that tr(Fk) =
T tr(F§ ) + dCSi(n*Ap, A), with tr(F} ) = tr(F3 ) A4 = 0 for dimension
reasons. So equation (17) can be written as

F (Ao, A1) :/

0,1

1 1
d(CS4(7T*A0,A) + *CSQ(?T*A(),A) AN 7'('*1,b>7
Ix M 24 2

using the fact that v is closed. By applying Stokes’ theorem, and the fact that
the pullback of a Chern-Simons form is the Chern-Simons form of the pullback
connections, we obtain

F (Ao, A1) Z/

(214084(,40,A1) + %CSQ(AO,Al) A ¢>. (18)
M

Note that, if A is a connection on E and 8 € Q! (M, u(E)), then CSy (A4, A+13)
is a polynomial in ¢ whose ¢ coefficient is tr(lchf1 A B). Using this fact and the
formula in (18), we can compute
4
dt

d

Ao A+18) = < L:O]-'(A, A+tB)

:/ tr((lFf, —l—FA/\’(/J) /\ﬁ)
" 6

:_<<(13F2+FAA1/),*§>>, (19)
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where (—,—) is an inner product on Q6(M,u(E)). We now easily see the
following.

Proposition 4.6. Let M be a compact manifold with coclosed Gy structure
p, 0, and let E — M be a Hermitian vector bundle. Define the functional F,
taking two unitary connections on E as arguments, as in (16), with alternative
formaulas given by (17) and (18). Then a connection A on E is a critical point
of F if and only if A is a deformed G4 instanton.

Proof. The derivative of F(Ag,—) at A in the direction of § is given by equa-
tion (19). This is zero for all 8 if and only if %Fg + F4 A4 = 0, which is the
deformed G5 instanton equation. O

In the rank-1 case, where the linearization of the deformed G2 instanton
equation simplifies to (14), we can compute from (19) that the Hessian of
F(Ap, —) at a connection A is

Hu(o,B) = /M(;Fi +¢> ANdaAB = —<<(;Ff, +w> /\da,*ﬂ>>,

for a, B € QY (M,iR). If A is a deformed G5 instanton, then we can write this as
Ha(a, B) = (—1) {curly , (), BY, for some j depending on A. If a € Q' (M, iR)
is a unit-norm eigenvector of curlz, with curls, (o) = Ao, then Ha(o,a) =
(—1)X. Since curl;, has smooth eigenvectors of both positive and negative
eigenvalues (see Proposition 2.10), H, is always indefinite, and every deformed
G2 instanton is a saddle point of F(Ag, —).

Still in the rank-1 case, we can compute the Chern-Simons forms in (18)
to get a very explicit formula for the functional 7. (One can also do this in

the higher-rank case, but there will be many more terms.) If Ay is a unitary
connection on E and 8 € Q' (M, iR), then

F(Ag, Ao + ) =/

1 1 1
(F;’;O + 7 FA, N B+ S Fay A (dB)?
M

6

1, 1
51045 +FA0/\¢+2dﬂ/\w> AB.

If Ay happens to be flat, then this formula simplifies further, with four of the
six terms vanishing.

5 Circle Subgroups of SU(3)

In this section, I show that circle subgroups of SU(3) are classified up to conjuga-
tion by rational numbers in the interval [0,1]. (I have not seen the classification
stated in this form in the literature.)
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For rational numbers k,l,m € Q not all zero such that K+ 1+ m = 0, we
have the circle subgroup Tk ;,m C SU(3) defined by

eikt 0 0
Thim = 0 e 0 |:teR
0 0 ezmt

Clearly, Tririym = Tiim for r € Q*, so we could require without loss of
generality that k, [, m be integers. But in what follows, it will be useful to allow
rational numbers. In particular, for ¢ € QN [0,1], I define T, = T1,4,-1-¢; I
claim that every circle subgroup of SU(3) is conjugate to Tj for exactly one
q € QN 0,1]. The first step in proving this is the following lemma.

Proposition 5.1. For k,l,m € Q not all zero such that k+1+m = 0, we have
Tram ~ Tikm ~ Thm,, where ~ denotes a conjugacy relationship. Since two
transpositions generate all of the symmetric group Ss, this implies that we can
always permute the three indices without changing the conjugacy class.

Proof. Note that conjugation by

0 -1 0
1 0 0] esu®)
0 0 1

permutes the first two diagonal entries of a diagonal matrix, hence sends T} ;
to 13 k,m. And conjugation by

10 0
0 0 —1]esu®)
01 0

permutes the last two diagonal entries of a diagonal matrix, hence sends T} ;.
to Tk:7m,l~ O

Now we can prove the following, which is the first half of the classification.

Proposition 5.2. If K is any circle subgroup of SU(3), then K is conjugate to
T, for some ¢ € QN [0, 1].

Proof. Since SU(3) is a compact Lie group, we know that K is contained in
some maximal torus of SU(3), and that all maximal tori are conjugate. The
standard maximal torus of SU(3) is two-dimensional and is the image of the
embedding f : U(1) x U(1) — SU(3), f(e?, ') = diag(e'?, e, e!(=9=9)). The
circle subgroups of U(1) x U(1) correspond to rationally sloped lines through
the origin in R?, and are mapped by f to subgroups of the form T . So
K ~ T . for some k,1,m € Q not all zero with k+1+m = 0.

It remains to show that Ty, ~ T, for some ¢ € QN [0,1]. There are two
cases:
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e If one of k,I,m is 0, then the other two must be nonzero and negatives
of each other. By applying Proposition 5.1 and scaling, we find that
Tk,l,m ~ Tl,O,—l =Tp.

e If k, I, m are all nonzero, we can assume that two are positive and one is
negative. Then by applying Proposition 5.1 (moving the larger positive
index to first position and the smaller positive index to second position)
and scaling, we find that Ty ; p ~ 117 —1—r =1, for some 0 < <1. O

The last thing we need is the following.

Proposition 5.3. If q, § are distinct rational numbers in QN [0,1], then Ty is
not conjugate to Tj.

Proof. Recall that the Lie algebra su(3) of SU(3) consists of traceless anti-
Hermitian 3 x 3 matrices, and has the SU(3)-invariant inner product

(A, B) = Re(tr(ATB)) = —Re(tr(AB)).
For each ¢ € QN [0, 1], define A, € su(3) by
) i 0 0
M AT\ S iei-g)

so that +A4, are the unit vectors tangential to 7. We compute

iq(1 +q)
det(4q) = 23/2(1+ q + ¢2)3/2°

If T, and T} are conjugate, say UT,U~! = T; with U € SU(3), then since
conjugation by U is an isometry on su(3), we must have UA,U~! = £A;, hence
det(A,) = tdet(A;). In fact this must be det(A,) = det(Ay), since both are
nonnegative multiples of 7. The function

z(1+ )

_-
* (1+z+ x2)3/2

is strictly increasing on [0,1] (which can be seen by taking the derivative of its
square), so we conclude that ¢ = q. O
By combining propositions 5.2 and 5.3, we obtain

Proposition 5.4. If K is a circle subgroup of SU(3), then there is exactly one
q € QN [0,1] such that K is conjugate to Ty.
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6 Aloff-Wallach Spaces

An Aloff-Wallach space, named after the authors of [1], is a quotient of SU(3)
by the right action of a circle subgroup. Since SU(3) is 8-dimensional, every
Aloff-Wallach space is 7-dimensional. By Theorem 5.4, we need only consider
the Aloff-Wallach spaces X, = SU(3)/T, with ¢ € QN|[0, 1]; every Aloff-Wallach
space is isomorphic to exactly one of these as an SU(3)-homogeneous space.

Fix some ¢ € QN [0,1]. Write ¢ = I/k with k,l coprime integers, k > 0,
and 0 <1 < k. Let m = —k — 1. Then T, = T}, using the notation of
Section 5. I will primarily use the variables k, [, m rather than ¢, as this leads
to more symmetric-looking expressions. Note that the parametrization of T,
given by t — diag(e®**, eit, ¢"™?) is 27-periodic, since k and [ are coprime. Let
s = Vk? 4+ 1?2 + m?, and define an orthonormal basis for su(3) by

ik 0 0
v==-[0 4 0

S\o 0 im

L (it=m) 0 0
Zi=—— 0  im-k 0

SV3\ o 0 i(k—1)

L {00 0 L [0 00
Zy=—[0 0 -1 Zy=—[0 0 i

V2o 1 o V2o i o

[0 01 L0 0
Zi=—|0 0 0 Zs=—[0 0 0

V2\_1 0 o0 V2\i 0 o

L (0 =10 A
Zs=—[1 0 0 Zr=—|i 0 0

V2o 0 o V2o 0 o

Let i be the Maurer-Cartan form of SU(3), which is a left-invariant su(3) valued
1-form on SU(3). Using the basis above, write p =n®Y + 237:1 a; ® Z; with
n,ai,...,ar € QY(SU(3),R). Then 7,a1,...,ar is the dual basis of the left
translations of Y, Z1, ..., Z7. Since the left translation of Y points in the direc-
tion of the right action of T,, we see that «; ...y is a basis for the horizontal
1-forms on SU(3), viewing the latter as a fiber bundle over X,,. If we define

81 =ag+ias, [2=a4+ias, Pf3=as+iar,

then o
Z(%U + l;}jal) *% 3 %52
p=|  Hh i(ln+mka) B
~15, L5 i(2n+ 2o
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Let A(t) = diag(e™*, e, ¢™™*) be the 27-periodic parametrization of T,. Using
the identity R}, pu = ad(A(t)~!)u and the above expression for p, we see that

RZ(,:)U =1 R*A(t)al =1
Rypbr =6 Ryyfr=e" M8 R Bz =06 (20)

It follows that the following forms are invariant under the right action of 7;:

1 —— 1 1
ar, =BiABL=a, —=P2APr=ocus, =—B3AB3=aer,
21 21 21

Re(B1 A B2 A B3) = aasg — as7 — Qi3a7 — Qi356,
Im(51 A B2 A B3) = —azs7 + Qi3 + Qase + Qoar.

Since these are also horizontal, they descend to forms on X,. Fix A, B,C,D €
R* and define ¢ € Q3(X,) by

(p = DOél A (A2Oé23 + B20z45 + 02a67) + ABO(OLQ46 — Qo7 — Q347 — a356). (21)

Comparing this to the formula (1) for the standard Gy structure on R, we
see that ¢ defines a G5 structure on X, whose metric, coassociative form, and
volume form are

g = D*af + A%(a3 + a3) + B*(a] + af) + C*(ag + a7)
Y = B*C?auser + A*CPanger + A Basgas
+ ABCDOQ A (04357 — (U346 — (V256 — 04247) (22)

vol = A2B%*C?Daiasaser

Note that, if we negate two of A, B,C, the G5 structure ¢ does not change.
We can eliminate this redundancy by requiring A, B > 0. Then the space of G5
structures that we are considering is one-to-one parametrized by (Rs¢)? x (R*)2.
Note also that it is the sign of D that determines the orientation, and that
negating ¢ corresponds to negating both C' and D.

Using the Maurer-Cartan identity du = —p A p (where the wedge product
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comes from matrix multiplication), we see that

dn = %((l — m)a23 + (m — ki)Oé45 + (k‘ — l)a67)

—V3
doy = T(kagz; + loys + ma67)
-1 \/§k 1 1
dag = 777 Nag + ——aq3 — ﬂa% + — \/i
I — \/§k 1 1
daz = 777 Nag — —aiz + ﬂau +—= \/§
k 3l 1 1
da417/\a5+\f0615+\@ \/i
J m—k N \/§la 1 1
g — — oy — ——
5 n 4 s 14 — \/§ \/5
-k V3m 1 1
dag = 777 ANar+ 5 Qi7 — \/50424 + — \5
k—1 V3m 1 1
doy = — N og — —, Qe + \fa% +— ﬂ

Using these formulas, one can compute dy) = 0 and
d 2V2ABC f 2l 4+ B?
Y= + ——(C*l+ B*m) |ouse7
D
(2\/>ABC + — f ( A%m + 021{3)> Q2367

(2\[ABC + — V3D (B?k + A2l)> 2345
V2

— “=(A% + B+ C?) Doy A (0357 — Q3ag — iase — Qi2ar).

2

27

(23)

So, among the G5 structures under consideration, all are coclosed, and none are
parallel (since the last term in the formula for dy is always nonzero). The Go

structure is nearly parallel with dy = Ay if and only if

2fABC+\[ (C?1 + B?m) + AB*C? =0
2v/24BC + — ‘[D (A’m + C%k) + AA*C* =0

\/> 2 2 2n2 __
2V2ABC + ~"=(B%k + A%l) + AA’B? =0

A2 + B2+ C? + \W2ABC = 0.
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By the proof in [6, Theorem 3.2], this system of equations for A, B,C, D has
exactly 2 solutions in (Rxg)? x (R*)2. Note that the fourth equation implies
AC < 0, so both nearly parallel G5 structures have the same sign of C'. However,
they have different signs of D, hence opposite orientations.

If ¢ = 1, which implies that k =1 = 1, m = —2, and s = /6, then the two
solutions are given explicitly by

6 —6v/2
=B=——, C=D=_—2Y°2 24
V5[l 5\ (24)
2 —2v/2 2v2

Since X, admits SU(3)-invariant nearly parallel G structures, it in partic-
ular admits SU(3)-invariant positive Einstein metrics, and we have b'(X,) = 0.

If 0 < ¢ < 1, then by the analysis in [6], the 4-dimensional family of Gs
structures we are considering exhausts all SU(3)-invariant coclosed G4 struc-
tures on X,. In fact, this is also true if ¢ = 0, as I show in the appendix
(Proposition A.3).2 However, if ¢ = 1, there is a 10-dimensional space of SU(3)-
invariant coclosed Gy structures (Proposition A.4), of which the G2 structures
we are considering form a proper subset.

7 Deformed G Instantons on X,

Fix ¢ € QN [0,1], which determines k,I,m € Z as in Section 6. Define an
isomorphism x from U(1) to T, C SU(3) by x(z) = diag(z*, 2!, 2™). This makes
SU(3) into a principal U(1) bundle over X,. For each n € Z, the homomorphism
An t U(1) — U(1) given by A\, (z) = 2™ gives an associated bundle, which we
denote P, — X,. Formally, P, is the quotient of SU(3) x U(1) by the U(1)-
action (a,w)z = (ax(z), 2z~ "w).

Note that Fy is just the trivial U(1)-bundle over X,, and that P; is SU(3)
itself. In general, for n # 0, we can identify P, with the quotient of SU(3) by
the order-|n| cyclic subgroup of T, with U(1)-action given by [a]z = [ax(z'/™)].
Specifically, the identification sends the equivalence class of (a,w) € SU(3) x
U(1) to [ax(w'/™)].

There is a “canonical” connection A,, on P,; if n = 0 this is the trivial flat
connection, and if n # 0 this is

An = @77’
s
where 7 is the 1-form on SU(3) from Section 6 (which is invariant under the
right action of T and thus descends to a 1-form on P,). The curvature of A4,
is given by
_in

Fr = (1= m)azs + (m = k)aas + (k — Daer). (26)

2This implies that some occurrences in [2] of the condition “k # =+i,1 # +m,m # +k”
could be replaced by “k # 1,1 #m,m # k”.
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We can obtain all connections on P, by taking A, + 8 where ( is a pure imag-
inary 1-form on X,. Deformed G5 instantons on P, for different n are related
by the following result.

Proposition 7.1. Let n be a nonzero integer, let 5 be a pure imaginary 1-form
on X4, and let ¢ be any Go structure on X,. Then A, + B is a deformed G
instanton on P, with respect to ¢ if and only if A1 + %ﬂ is a deformed Gso

instanton on Py with respect to |n|=3/%¢.

Proof. Let ¢ be the coassociative form of ¢; then the coassociative form of
In|=3/2¢ is [n| =2y = L1). Note that the curvature of A, + 3 is F,, + df3, while
the curvature of A; + %B is F1 + %dﬁ = %(Fn + dB). So the deformed Gs
instanton equation of A1 + 18 with respect to |n|=3/2¢ is

1 . 1 1

——(F +dB)* + —(F, +dB) A —¢ =0.

(P dB)° + - (Fu + dB) A =50

Multiplying by n? on both sides, we obtain the deformed G5 instanton equation
of A, + [ with respect to ¢. O

We will consider all modifications of A,, by SU(3)-invariant 1-forms on X.
These are given by the following theorem. (See also Appendix A, which looks
at SU(3)-invariant forms of all degrees.)

Proposition 7.2. If ¢ # 1, then X, has a I1-dimensional space of SU(3)-
inwvariant 1-forms, consisting of constant multiples of a. On the other hand, X
has a 3-dimensional space of SU(3)-invariant 1-forms, spanned by aq, ag, aur.

Proof. Note that the left-invariant 1-forms on SU(3) which are horizontal with
respect to the projection to X, are given by R-linear combinations of a1, ..., a.
If we additionally require that the 1-form be invariant under the right action of
T,, this forces the coefficients of s, ..., a7 to be 0, by (20), assuming ¢ # 1.
If g =1, then K — [ = 0, so ag, a7 are T -invariant, and only the coefficients of
Qs,...,as are forced to be 0. U

We will make use of the full three-dimensional space of invariant 1-forms on
X in Section 8. For now, we consider the following connections on P,, which
are parametrized by b € R and are well-defined on every X,:

b N
sv3

The curvature (i.e. exterior derivative) of A, is

An,b = An +

) )
Fo.p= 7((1 —m)n — kb)ags + ?((m —k)n —1b)ays

S

+ < ((k = )n — mb)agr.

v
52
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Write this as F, , = iciaos +icoaus +icsagr. Fix (A, B,C, D) € (Rxg)? x (R*)?
and let ¢, be the G2 structure on X, given in (21), (22). Note that
1 .
EFS*I’ + Fn,b A ¢ = Z(—ClCQCg + 61B202 + CQA2C2 + 63A2B2)C¥234567.
So A, is a deformed G instanton with respect to ¢ if and only if
—C1C2C3 + 618202 + 02A202 + 63A2B2 =0.

If we expand out c1, c2, c3 and then multiply by s on both sides, this becomes
the following cubic equation in b.
klmb® + n(l — m)(m — k) (k — 1)b?
+ (=9n’kim — s* (kB*C® + 1A*C? + mA®B?))b
+ (=n*(l—=m)(m —k)(k—1)
+s*n((l = m)B2C? + (m — k)A2C? + (k — 1) A’ B?))
=0. (27)

The following summarizes what we know so far.

Proposition 7.3. The connection A, on the U(1)-bundle P,, — X, is a de-
formed Go instanton with respect to the Go structure defined by A, B, C, D if and
only if the polynomial equation (27) holds. If ¢ # 1, this takes into account every
SU(3)-invariant connection on P, as well as every SU(3)-invariant coclosed G
structure on X,.

Note that equation (27) does not depend on D, nor on the sign of C. For
certain values of ¢,n, A, B, C, some of the coeflicients in (27) can vanish, giving
rise to the following result.

Proposition 7.4. The degree of the polynomial in equation (27) varies as fol-
lows.

1. If ¢ # 0, then the polynomial has degree 3 and thus has 1, 2, or 3 solutions.

2. If g =0 and n # 0, then the polynomial has degree 2 and thus has 0, 1,
or 2 solutions.

3. Ifgq=0,n=0, and A% # C?, then the polynomial has degree 1 and thus
has a unique solution.

4. If =0, n =0, and A?> = C?, then the polynomial is 0, so every b € R is
a solution.

Furthermore, if n = 0, then b = 0 is always a solution. (So in particular, the
unique solution in case 8 above is b=0.)
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Proof. The coefficient of b* in equation (27) is klm, which is zero if and only
ifgq=0. If¢g=0,then k=1,1=0, m = —1, so the coefficient of b? is —2n,
which is zero if and only if n = 0. If ¢ = 0 and n = 0, then the coefficient of b
is 4B2?(A? — C?), which is zero if and only if A2 = C?. If ¢ =0 and n = 0 and
A? = (C?, then not only the coefficient of b but also the constant coefficient is
zero. This proves all of the claims concerning the degree.

If n = 0, then the constant coefficient in (27) is zero, so b = 0 is a solution.
This fact can also be seen by noting that Ay is flat and thus is trivially a
deformed G5 instanton for any G5 structure. O

The cases that require more attention are the cubic and quadratic cases.
These are analyzed in the next three subsections. Note that, by Proposition 7.1,
we need only consider the case where n € {0,1}; solutions with n ¢ {0,1} are
related to solutions with n = 1 by scaling b and scaling the G5 structure. This
can also be seen from the fact that the polynomial in (27) is homogeneous in
the variables n, b, A2, B2, C?.

71 ¢g=0, n=1

If g=0, we have k = 1,1 =0, m = —1, s = /2. If moreover n = 1, then
equation (27) becomes

b> —2B%*(A? — C?)b— 1 — 2B?C? 4+ 4A%C? — 2A’B* = 0.

(I have divided by —2 to make the polynomial monic.) The discriminant of this
quadratic polynomial is

A =4B*(A? - 0?)? + 44 8B%*C? — 16A%C? + 8A*B? (28)
and the solutions are 1
b= B*(A?—-C?) + 5\/E (29)
by the quadratic formula. This is summarized in the following result.

Proposition 7.5. On the Aloff-Wallach space Xo with Gy structure determined
by A, B,C, D, the number of SU(3)-invariant deformed G instantons on Py =
SU(3) — Xy is determined by the sign of A, defined as in (28). If A <0, there
are none, if A =0, there is one, and if A > 0 there are two. If A > 0, then the
SU(3)-invariant deformed G instantons are given by Ay, with b as in (29).

The equation A = 0 defines a smooth surface in R3. As the Gy structure
crosses this surface, the two SU(3)-invariant deformed G instantons merge into
a single deformed G4 instanton and then disappear.

72 q#0, n=0
If n = 0, then equation (27) becomes
klmb® — s*(kB2C? +1A%C? + mA?B*)b = 0.
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We also assume that ¢ # 0, so k,I > 0 and m = —k — 1 < 0. Since klm # 0, the
solutions to the equation above are b = 0, along with the solutions of

o4

b2
kim

(kB%C? 4 1A2C? + mA®B?).

Since s*/klm < 0, we have the following result.

Proposition 7.6. On the Aloff-Wallach space X, with ¢ ¢ {0,1}, equipped
with the Go structure determined by A, B,C, D, the number of SU(3)-invariant
deformed Gy instantons on the trivial U(1) bundle Py — X, is determined by
the sign of

A = kB?C? +1A%C? + mA%B? = (kB% 4+ 14%)C? — (k4 1)A*B2.

If A > 0, then there is a unique SU(3)-invariant deformed Go instanton, namely
the trivial flat connection. If A < 0, then there are three, namely the trivial flat
connection along with Ay, with b = +5%\/A/klm.

If ¢ = 1, then this result still holds, except that we are not considering all
SU(3)-invariant connections, only those of the form Agp with b € R.

Note that the condition A < 0 can also be written as

(k +1)A2B?

2
C<TEria

The right-hand side is always a positive real number, so by varying C, both
A > 0and A < 0 are achievable. This implies that, on every X, with ¢ ¢ {0,1},
there are some invariant G structures in which the trivial U(1) bundle has 1
invariant deformed G5 instanton and others in which it has 3.

73 q#0, n=1

This is the most difficult case to analyze, because equation (27) remains a general
cubic equation. (Of course, one could always apply the cubic formula, but that
would not be very enlightening.) Note that the coefficients of b> and b2 in (27)
(withn = 1) depend only on the Aloff-Wallach space X, while the coeflicients of
b' and b° also depend on the G structure. In fact, the following lemma, proves
that these latter coefficients can be made to take on any values by varying
A, B,C.

Proposition 7.7. Given k,l,m € Z not all zero such that k +1+ m = 0, the
map f: (Rso)® — R? given by

f(A,B,C) = (kB*C? +1A%C? + mA*B?,
(1 —m)B?C? + (m — k)A*C? + (k — 1) A%’ B?)

18 surjective.
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Proof. Consider the matrix

k l m
P:(lm m—k kl)'

Note that the rows of P are nonzero and orthogonal to each other, so P has rank
2 and is surjective when viewed as a map R — R2. Moreover, the kernel of P
consists of scalar multiples of (1,1,1). So, if (u,v) € R? is arbitrary, there exists
(a,b,c) € R? such that ka +1b+mc =u and (I —m)a+ (m —k)b+ (k—1)c = v.
And by adding a scalar multiple of (1,1, 1), we can get a,b,c > 0. We can then
define A = (bc/a)'/*, B = (ac/b)*/*,C = (ab/c)*/*, so that

B2C%*=a, A%C%*=b, A’B%*=c,
and hence f(A, B,C) = (u,v). O

By varying only the b! and b° coefficients of a cubic polynomial, it can
be made to have 1, 2, or 3 real roots. To see this, note that its derivative
(a quadratic polynomial) can be made to have 2 real roots by varying the b!
coefficient. Then by varying the b° coefficient, the cubic can be made to have
1, 2, or 3 real roots. Thus we obtain the following theorem.

Proposition 7.8. On the Aloff-Wallach space X, with g # 0 and Gy structure
determined by A, B,C, D, the U(1) bundle P, with n # 0 has either 1, 2, or 3
deformed G instantons of the form A, with b € R, and all three possibilities
can be obtained by varying A, B,C. If ¢ # 1, then we are taking into account
all invariant coclosed Go structures on X, as well as all invariant connections
on P,.

7.4 Isolatedness

Since b'(X,) = 0, Propositions 4.3 and 4.4 give conditions for a deformed G-
instanton on X, to be isolated in the moduli space. Indeed, Proposition 4.5
demonstrates that some of the deformed G9 instantons we have seen in this
section are isolated. Specifically, on every X, some of the G5 structures we are
considering are nearly parallel, and for these G5 structures, the flat connection
Ap,o on the trivial bundle Py — X, is an isolated deformed G5 instanton. More
generally, if any of the deformed G5 instantons A have the property that their
associated Ga structure @4 (which is necessarily SU(3)-invariant since both ¢
and F4 are) is nearly parallel, then A is isolated.

The connections A, , with (n,b) # (0,0) are not flat. Since their curvatures
are SU(3)-invariant, this implies that their curvatures are nonzero everywhere.
So by Proposition 4.4, whenever A, ; with (n,b) # (0,0) is a deformed G2
instanton, we know that for generic nearby coclosed G5 structures whose coas-
sociative form is in the same cohomology class, deformed G5 instantons near
App are isolated. In fact, b*(X,) = 0 [9], so all coclosed G» structures on X,
have cohomology class 0.
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Some of the deformed G5 instantons we have seen are clearly not isolated:
specifically, in Proposition 7.4, we saw that over Xy with a G5 structure with
A% = C?) every connection Agp, on Py — X is a deformed G5 instanton. This
gives the following theorem.

Proposition 7.9. On the Aloff-Wallach space Xy, the Go structures ¢ as
n (21) with A?2 = C? satisfy ¢<(Xo,¢) > 0.

Proof. If we had ¢(Xo,¢) =0, then Ay would be isolated in the moduli space
D(Xo, ¢, Py), by Proposition 4.3 and the fact that $4,, = ¢. But it is not. [

Here we see an interesting way of computing the invariant ¢ of a G structure
(or rather, proving that it is nonzero) that uses deformed G2 instantons.

In Section 8, we will see that some of the deformed G5 instantons on X that
we have found are also not isolated, instead belonging to a 2-sphere of deformed
(G5 instantons.

8 Deformed G, Instantons on X;

Although X; was not excluded from the analysis in Section 7, there are more
SU(3)-invariant 1-forms on X; than on the other Aloff-Wallach spaces. In addi-
tion to scalar multiples of a1, we have all linear combinations of oy, ag, ay. So
the general form of an invariant connection on P, — X is

Amg =A, + i(clal + cgag + C70£7)

with ¢ = (c1,¢6,c7) € R®. The connections A, considered in Section 7 are
included in the ones above by setting ¢; = ﬁ, cg = ¢y = 0. The curvature of

Amg is

mn ic1
Fyez= ?(Oéz?, —oys) + 5(2(167 — (o3 — Qus)
iCg icy
+ ﬁ(—20¢17 — a4+ ags) + NG
X, also differs from the other Aloff-Wallach spaces in that it has a larger
space of invariant coclosed Gg structures, which is 10-dimensional instead of 4-
dimensional (Proposition A.4). However, I have not found a way of parametriz-
ing the full space of invariant coclosed G structures (and this would likely lead
to unwieldy equations in any case), so I will consider only the Gs structures
parametrized by A, B,C, D as in (21).® Let ¢, be such a Gy structure. Ex-
panding the deformed G5 instanton equation %FS =+ Fpz A1 = 0 yields three

(20[16 + Qo5 + C¥34).

3Some of the other invariant coclosed G structures on X; can be obtained by applying
symmetries of X1, specifically the right action of SU(2) on X1 that I discuss in Section 8.1.
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equations:

(4ABCD — 4A%B? — n? + 2¢2 4+ 2¢2 +2¢2)cs = 0 (30)
(4ABCOD — 4A?B? — n? + 265 + 2¢2 + 2¢2)er = 0 (31)

V2n(A? — B%)C?
+(2B2C? +2A%C* — 4A?B? — n? 4 2¢2 + 2¢% 4 2¢2)c; = 0. (32)

Note that D makes an appearance now, whereas it did not in Section 7.

If ¢c¢ = ¢7 = 0, then the connection is one of the ones considered in Section 7,
and we can apply the results of that section. In particular, on the bundle
Py — Xy, there are either 1 or 3 deformed G, instantons with ¢ = ¢; = 0
(depending on the G5 structure), which are given by ¢; = 0 and

¢ = +V/242B2% — B2C? — A2C2. (33)

(See Proposition 7.6.) And on the bundle P,, — X3 with n # 0, there are either
1, 2, or 3 deformed G5 instantons with ¢ = ¢; = 0, with all three possibilities
obtainable by varying the G2 structure. (See Proposition 7.8.)
If ¢ # 0 or ¢; # 0, then by equation (30) or (31), a deformed G5 instanton
satisfies
4ABCD — 4A%B* —n® + 265 + 2¢3 + 2¢2 = 0. (34)

Substituting this into equation (32), we obtain
V2n(A? — B C? + (2B%*C? +2A%C? — 4ABCD)c; = 0. (35)

Conversely, any connection satisfying (34) and (35) is a deformed G instanton.
So the invariant deformed G5 instantons on P, — X; consist of solutions to
(34) and (35), possibly with some additional isolated points along the line cg =
c7 = 0. This is expressed in the following theorems.

Proposition 8.1. Equip X1 with the Go structure in (21), and define the fol-
lowing:

R=24?B?> - 2ABCD
A =2A%B% — B2C? — A%2C?

The the space of SU(3)-invariant deformed Gy instantons on the trivial U(1)
bundle Py — X1 is as follows:

1. If R <0 and A <0, we get a single solution ¢y = cg = ¢y = 0.
2. If R<0 and A > 0, we get three solutions ¢, € {0,4vA}, ¢ = ¢ = 0.

3. If R >0 and A <0, we get a circle of solutions c2 + c2 = R,c1 =0 along
with the point ¢ = cg = ¢z = 0.

4. If R>0, A >0, and R# A, we get a circle of solutions ¢z +c% = R,c; =
0, along with the three points ¢, € {0, £VA},c6 = ¢z = 0.
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5. If R>0 and R = A, we get a sphere of solutions ¢3 + c2 + ¢ = R, along
with the point ¢ = cg = ¢z = 0.

Moreover, R, A can be made to take on any pair of values by varying the Go
structure, so all five cases are possible.

Proof. The last remark is easy to prove: if we are given prescribed values
Ry, Ao € R, set A,B > 0 so that 242B% > Ry, A¢. Then set C > 0 so that
2A2B? — B2C? — A2C? = Ay, and lastly set D > 0 so that 242B% —2ABCD =
Ry.

For the five cases, note that equations (34) and (35) can be written as ¢7 +
d+c2=Rand (R—A)c; =0. If R >0 and R # A, the solutions to these
two equations form a circle ¢z + c¢Z = R,c; = 0. If R > 0 and R = A, then we
get the whole sphere ¢? + ¢Z + ¢2 = R. If R < 0, there are no solutions to (34),
(35) except possibly the trivial solution ¢; = ¢g = ¢7 = 0.

In addition to solutions of (34), (35), we also get some isolated points on
the line ¢g = ¢7 = 0. If A < 0, there is only the trivial solution ¢; = 0, but if
A > 0, we also get solutions ¢; = £v/A, as noted in equation (33). O

Note that, in the setting of Proposition 8.1, there are three types of singu-
larities that can occur as we vary the G4 structure. As A goes from negative
to positive, the trivial flat deformed G5 instanton splits into three deformed G5
instantons (which can be thought of as a point along with a O-sphere). As R
goes from negative to positive, the trivial flat deformed G5 instanton splits into
a point along with a 1-sphere. And if R, A > 0, then as we go from A < R to
A > R (so that the 0-sphere goes from being smaller than the 1-sphere to being
larger), at the moment when A = R, the O-sphere and the 1-sphere become
respectively the poles and equator of a 2-sphere.

While Proposition 8.1 concerns the trivial bundle Py, the following theorem
concerns the bundle P, = SU(3) — X;. (By Proposition 7.1, the invariant
deformed G5 instantons on P, with n # 0 are equivalent to those on P; by
scaling ¢1, ¢g, ¢7 and scaling the G5 structure.)

Proposition 8.2. Fquip X; with the Gy structure in (21), and define

R=1+2A?B* - 2ABCD

S = B?C? + A2C? —2ABCD

T = Y2(A% - B})C2.
Then the space of SU(3)-invariant deformed Gy instantons on Py — X5 is as
follows:

1. If R>0and S =T = 0, there is a 2-sphere ¢ + c2 + ¢2 = R, along with
the point ¢; = cg = ¢z = 0.
2. IfR>0,8#0, and T? < RS?, there is a 1-sphere

T2
01:?7 C%‘FC%:R_?
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along with 1, 2, or 8 points on the line cg¢ = ¢y = 0.

3. Otherwise (meaning R <0, or R > 0 and (S,T) # (0,0) and T? > RS?),
there are 1, 2, or 8 points on the line cg = c; = 0, and nothing else.

Moreover, the deformed Gy instantons with cg = ¢ = 0 are given by the roots
of the depressed cubic equation ¢ + (S — R)e; +T = 0.

Proof. Note that equations (34) and (35) can be written as ¢2 +c2 +c2 = R and
T+ Sc; = 0. If R > 0, then the first equation describes a sphere of radius v/R.

1. If moreover S = T = 0, then the second equation is always true, so the
intersection is the whole sphere.

2. If instead S # 0, then the second equation describes a plane ¢; = =T/,
which intersects the sphere transversely if and only if 72/S? < R, or
equivalently T2 < RS?.

These are the only cases in which equations (34) and (35) give solutions off the
line cg = c¢7 = 0.

As for the deformed (G2 instantons on the line ¢g = ¢; = 0, note that in this
case equations (30) and (31) are trivially satisfied, while equation (32) becomes
2T+ (2S—2R+2c%)c; = 0, which can also be written as ¢;+(S—R)c;+7 = 0. O

All of the cases in Proposition 8.2 are indeed possible:

Proposition 8.3. The parameters R, S,T defined in Proposition 8.2 can be
made to take on any triple of values by varying the Gs structure.

Proof. Suppose that we are given the prescribed values R, S,T € R. Set u € R
so that

u > max{(), —Ve2r, ng —IR+15+1, ngJr %S}
Then the following values are positive:
v=u-+ V2T
weut LT+ iR- 151
z=u+ LT - 18.

If we now set

1= pe () e (D) oo

u

then A, B,C,D > 0 and
1 +2A4°B* —2ABCD =R
B*C? + A*C? —2ABCD = S
Y2(A? - BY)C? =T,

as desired. 0O
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8.1 Relationship to Lotay and Oliveira’s Paper

In [18], the authors give examples of deformed Go instantons on tri-Sasakian
7-manifolds, and in particular on the Aloff-Wallach space X;. In this section, I
show that their deformed G5 instantons on X, are a special case of the deformed
G5 instantons in Section 8. By comparing their equations to my own, I was able
to find a minor mistake in their paper.

We have an embedding f : U(2) — SU(3) given by

JX0 = ()o( (detg()l)' (36)

Note that SU(3) acts transitively on CP?, the space of complex lines in C3. Let
es = (0,0,1) € C3, and let L3 € CP? be the line generated by es. It is easy
to see that everything in im(f) fixes Ls; specifically, f(X)es = (det X) les.
Conversely, if a matrix A € SU(3) fixes L3, then it must send ez to zes for some
z € U(1), which means that its third column is (0,0, z). Then since the columns
of A are orthogonal, the third row of A must be (0,0, z), so A = diag(X, z) for
some 2 x 2 matrix X. The fact that A is special unitary means that X € U(2)
and z = (det X)7!, so A = f(X). We conclude that the stabilizer of L3 is
im(f), and that there is an isomorphism SU(3)/im(f) 2 CP?, with projection
o : SU(3) — CP? defined by o(A) = ALs. For any relatively prime? integers
k, 1, m such that k+{+m = 0, the circle subgroup T} ; », is contained in im(f), so
the projection o factors through Xy ; ., giving a projection 7 : Xy, — CP?.

On CP?, we have the tautological complex line bundle O(—1) — CP?, with
the fiber over L € CP? being L itself viewed as a line in C®. This corresponds
to a principal U(1)-bundle Q_; — CP? in which the fiber over L € CP? consists
of the unit-length elements of L, with the U(1) action given by scalar multipli-
cation. We get a pullback bundle 7%(Q_-1) — Xk,m, in which the fiber over
x € Xk 1.m consists of the unit-length elements of 7(z). As a smooth manifold,
7*(Q_1) is embedded in Xy, x C3.

We can parametrize Ty ;. by x(2) = diag(z*, 2!, 2™) for 2 € U(1). Recall
that for n an integer, the U(1) bundle P, — X}, can be defined as the
quotient of SU(3) x U(1) by the U(1) action (A,w)z = (Ax(z),2z "w). The
projection from P, to Xy, ; n, is simply the projection 7 : SU(3) — Xy ;,m applied
to the first component, and the U(1) action on P, is given by multiplication of
the second component. We have the following proposition relating bundles over
Xkl,m-

Proposition 8.4. Quver the Aloff-Wallach space Xj i m, the pullback bundle
T*(Q—1) is isomorphic to P, with isomorphism g : P,, — 7(Q-1) given by
g(A,w) = (w(A),wAesz). Here Aes can be thought of as the third column of A.

Proof. To see that g is a well-defined function on P,,, note that

9(Ax(2), 27 "w) = (r(Ax(2)), 2 "wAx(2)es)
= (m(A),z7 "wz" Aes) = g(A,w).

4This condition excludes 0,0, 0 but not 1,0, —1 or its permutations.
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And ¢g(A,w) is in fact contained in 7*(Q_1), since wAes is a unit vector in
7(m(A)) = 0(A) = AL3. Lastly, it is easy to see that g commutes with the
projections to Xy ; ., as well as the U(1) actions. O

Along with the tautological line bundle O(—1) — CP?, we have a family
of Hermitian line bundles O(n) for n € Z, defined as the tensor product of
O(—1) with itself —n times. (If n is positive, this means taking the dual and
then tensoring with itself n times.) I will denote the principal U(1) bundle
corresponding to O(n) as @, generalizing the notation Q_1. The operation of
tensoring a Hermitian line bundle with itself n times corresponds to taking the
An, associated bundle of a principal U(1) bundle, where A, : U(1) — U(1) is the
homomorphism A, (z) = 2". (It also corresponds to multiplying the Chern class
by n.) This means that @, is the A_,, associated bundle of Q_;. So we have
the following proposition, generalizing Proposition 8.4:

Proposition 8.5. For all n € Z, the bundle 7"(Qy,) over Xy i m is isomorphic
to Popm = Pn(k+l)'

Proof. Note that 7*(Q,,) is the A_,, associated bundle of 7*(Q_1), while the
A_, associated bundle of P, is P_,, (since A_,, 0 Ay = A_pm)- O

Note that the projection o : SU(3) — CP? factors as

o:5U@B3) % 55 I op?,

where 6(A) = Aes, and h is the Hopf fibration taking a unit vector in C? to
the complex line containing it. (Unlike o, the map & does not necessarily factor
through Xy ; ., because matrices representing the same element of Xy ; ,, can
have different third columns.) T will take the Riemannian metric on CP? to be
the one making h into a Riemannian submersion, without any normalization
factor. This gives a Kihler structure on CP? with Kihler form w € Q2?(CP?).
We will investigate the pullback 7*w on Xy ;,, by investigating the pullback
o*w = ¢*h*w on SU(3).

Recall the basis Y, Z1, . . ., Z for su(3) = T1SU(3) from Section 6. By taking
the third column of each matrix, we see that

these are elements of T,,S° C C3. Note that the kernel of h in T,,S% consists
of real multiples of ies, so do(Y) = do(Z;) = 0. The orthogonal complement of
this kernel — a 2-dimensional complex subspace of C3 — is mapped bijectively
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by h onto TLL,,(CIE”Q7 with h*w acting as the restriction of the standard Ké&hler
form on C3. Thus

WA ), do(Z5)) = o Wwlda(Z),d6(Z5)) = 5.

with all other combinations 0. We conclude that, on T7SU(3),

cfw=56"h"w= 71042 Aas+ %a4 Aas. (37)
Note that SU(3) acts on the left on both itself and CP?, and that o commutes
with these actions. Specifically, for A, B € SU(3), we have 0(AB) = ABL3 =
Ao (B). The action of SU(3) on CP? preserves both the complex structure and
the Riemannian metric, so w is SU(3)-invariant. This implies that o*w is also
(left) SU(3) invariant, so the formula (37) for o*w applies not just at 1 € SU(3)
but on all of SU(3).

Since o = 7o, we have m*7*w = —2ans + 2aus € Q2(SU(3)). Now since 7*
is injective on forms, there is only one possibility for 7*w € Q2 (Xk,1,m), namely
T'w = —%agg—i— %a45, where as in previous sections I am using the same notation
for invariant forms on Xy ; ,, and their pullbacks on SU(3).

For remainder of this section, we will restrict to the case of X7 = X1 _o.
Lotay and Oliveira study the bundles 7*O(n) over X; (using my notation), and
obtain their base connection on 7*O(n) by pulling back a Hermitian connection
on O(n) with harmonic curvature. Of course, we can equivalently take the U(1)
bundle 7*Q,, — X and pull back a connection on @,, with harmonic curvature.

Proposition 8.6. Let n be an integer, and let A be a connection on Q,, — CP?
with harmonic curvature. Then the connection ™A on 7°Q,, — X1 is related
by a bundle isomorphism to the connection As, on Ps, — X;.

Proof. Since w is harmonic and b*(CP?) = 1, every harmonic 2-form on CP? is
a scalar multiple of w. Thus F4 = i w for some A € R. This implies that

i
FT*A = iATw = —%(0[23 — 0445).

From equation (26) in a previous section we know that the curvature of As, on
Pgn — Xl is
Fy, = in(ons — ays)

Since 7*@Q,, is isomorphic to P, by Proposition 8.5, we know that F,«4 and
F5,, have the same cohomology class. Since they are both scalar multiples of
Qo3 — (5, they must actually be equal, with A = —2n. Using some bundle
isomorphism between 7*Q,, and Ps,, we can carry over 7*A to a connection
A’ on Py, with the same curvature. Note that A’ — A,,, is a closed 1-form on
X7; since b*(X7) = 0, we find that A’ — Ay, is exact, and thus A’ and As,, are
related by a gauge transformation (or bundle automorphism). O
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Recall that the map o : SU(3) — CP? can thought of as quotienting by
the right action of U(2) defined by the homomorphism f : U(2) — SU(3) as in
(36). Note that T} is the image under f of the center of U(2), so everything
in 77 commutes with everything in im f. As a result, the right action of U(2)
on SU(3) descends to a right action of U(2) on X;; we can think of the map
7: X, — CP? as quotienting by this U(2) action.

The action of U(2) on X is not free: indeed, the stabilizer of every point is
the center of U(2), so we can think of it as a free action of the projective unitary
group PU(2) =2 SO(3). Alternatively, we can think of it as a locally free action
of SU(2), which is a double cover of PU(2). The Lie algebra su(2) of SU(2) has
the following basis:

0 1 0 —i —i 0
(o) ee(G ) w0

These satisfy the commutation relations [Y7, Y2] = 2Y3 and cyclic permutations
thereof. Under the Lie algebra homomorphism df : u(2) — su(3), we have

df(V1) = —V2Zs  df(Ya) = —V2Z:  df(Y3) = —V2Z,

which means that the left translations of —\/iZﬁ, —\/§Z7, —\/2Z; are the gen-
erating vector fields for the right action of SU(2) on SU(3). Recalling that the
left translation of ¥ = % diag(i, 7, —2i) generates the action of 77 on SU(3),
and noting that [Y, Zg] = [Y, Z7] = [Y, Z1] = 0, we see that these generating
vector fields are Ti-invariant and thus descend to vector fields &1, &5, &3 on X7,
which are the generating vector fields for the action of SU(2) on X;. Along with
the metric

1 1
g= 5(oz% +ag +aF) + Z(a% + a3 +ai +ad),
which makes them into unit vectors, &1, &2, 3 determine a tri-Sasakian structure
on X;. The 1-forms related to &1, &s,&3 by g are
-1 -1 -1

m= EOZG 2 = ﬁoﬂ n3 = ﬁab
Let 7=),1m; ®Y; be an su(2)-valued 1-form on X;. Following [18, Section 2],
we define wq,ws,ws by

(38)

dn+ S[AT = 3 (~2w) O T,

2 .
K2
-H/e C()Inpllle
w1 = 7(10{ — Q7 ] = ——Q a4 + -« «
1 f 6 2 1 1 2 4 1 3 5
Wy = 7(10{7 — - Qg = — Qv (673 + -« (7
2 f 2 1 6 | 2 | 3 4
W), (6} « (674 « « (7 Qas.
3 f 1 2 6 1 2 3 4 5
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Lotay and Oliveira define their Go structures (on an arbitrary tri-Sasakian 7-
manifold) as

Pte = et3n193 — t(m Awi +n2 Awa +enz Aws),

where t € Ry and € € {£1}. In the tri-Sasakian structure on X; that we are
currently considering, this gives

2 ) 3
Pte = —5???@1 A (oo + aus + 2t°ag7) — ?t(a%ﬁ — Qia57 — Q347 — (4356

which is equal to the G structure defined in (21) with

1 2 2
A—p-Lt o V2, p__ V% (39)
2 2
Two of these G2 structures are nearly parallel: ¢; _; satisfies (25) with A = 4,
and ¢, 5 satisfies (24) with A = 12/+/5. Lotay and Oliveira call the former
©" (since its metric is the tri-Sasakian metric) and the latter ¢"P.

They consider connections on 7*Qy (my notation; here k € Z is arbitrary)
of the form 7*Ag +i(a1m + azne + asns), where Ag has harmonic curvature and
ai,as,a3 € R. By Proposition 8.6 and the definition of 71,172,735 in (38), this
corresponds to the connection Aoy z on P — X1 where

—as —aq —ag
g =—, C=—7, C7=——. 40
1 \/é 6 \/§ 7 \/5 ( )
If we apply the substitutions in (39) and (40), as well as n = 2k, to the deformed
G4 instanton equations (30), (31), (32), we obtain the following deformed G,
instanton conditions for Lotay and Oliveira’s connections on Psyg:

(%EtQ — i — 4k 4 a2 + a3 +a§)a1 =0
(ct? — 1 —4k® +af + a3 +a3)ax =0
(%t2 -1 4k? + a? + a3 Jra?,,)ag =0.
There is a discrepancy between these equations and the corresponding equations

in the original published version of [18, Section 4.3]. Specifically, Lotay and
Oliveira had %kZ instead of 4k2. This was due to the simultaneous use of two

differently scaled Fubini-Study metrics on CP?. I have pointed this out to them
and they plan on making corrections.
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A Invariant Forms on Aloff-Wallach Spaces

For ¢ € QN [0,1] and p € ZN[0,7], I will denote by QF (X4, R) the real
vector space of SU(3)-invariant real p-forms on X,. Likewise, I will denote by
O (X,,C) the complex vector space of SU(3)-invariant complex p-forms on
X,. Since a complex p-form is SU(3)-invariant if and only if both its real and
its imaginary part are SU(3)-invariant, we see that QF (X, C) is the complex-
ification of QF (X4, R). In particular, the complex dimension of Q) (X, C)
is equal to the real dimension of Qf (X,,R); I will denote this dimension as
D(p;q). Note that D(p;q) is indeed finite, since the action of SU(3) on X is
transitive.

Elements of QFf (X,,C) correspond (via pullback) to complex p-forms on
SU(3) which are (i) left-invariant, (ii) horizontal with respect to the projection
SU(3) — X,, and (iii) invariant under the right action of 7,. The space of
p-forms on SU(3) satisfying (i) and (ii) is the pth exterior power of the complex
vector space spanned by aq, ..., a7. Since we are using complex coefficients, we
can instead use the basis a1, 81, 81, B2, B2, 43, B3 (Where as in Section 6, we have
Bj = agj +iag;i1). Recall that the matrix A(t) = diag(e™*?, e'!t, e'™) € T, acts
on these basis elements by

Rapor = o, Rypbr =715y, Ry B1 = e D1By
R B2 = eilm=k)tg, qu(t)@ — ¢ilk=mtg
Riy B3 = '“ 71, iy B3 = ¢/"M ;.

In general, A(t) acts on any wedge product of these basis elements by scaling it
by some complex number. Thus an element of the pth exterior power is invariant
under the action of T} if and only if every basis wedge for which it has a nonzero
coefficient is invariant under the action of T,. We conclude that D(p; q) is equal
to the number of p-wedges of a1, 81, B1, B2, B2, B3, B3 on which T, acts trivially;
this is the number of ways of writing 0 as a sum of p of the following integers
(with no repeats and ignoring order):

m—k k—m (41)

The sum of all of these integers is 0, so by taking complements, we have D(p; q) =
D(7 — p;q). Clearly D(0;q) = D(7;q) = 1 (corresponding to the fact that a
scalar function on X, is SU(3)-invariant if and only if it is constant). If ¢ = 1,
then k& = [ and we have D(1;q) = 3; otherwise, k,I,m are all distinct and we
have D(1;q) = 1.

To compute D(2;q) and D(3;q), we first suppose that ¢ ¢ {0,1}. Then
k> 1> 0, so (recalling that m = —k—1[), wehave 0 < k—l <l—m < k—m. So
to obtain 0 from two of the integers in (41), we cannot use the 0 and must add
two on the same row, giving three possibilities. Thus D(2;¢) = 3 for ¢ ¢ {0,1}.
Likewise, there are three ways to obtain 0 from three of the integers in (41) if
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one of them is 0. If we do not make use of the 0, it is pretty easy to see that
the only triples that sum to 0 are the second and third columns. We conclude
that D(3;q) =5 for g ¢ {0,1}.

If ¢ = 0, the seven numbers are

0O +1 -1 +1 -1 +2 -2.

There are five pairs here that add to 0: four of the form +1, —1 and one of the
form +2,—2. And there are seven triples that add to 0: the aforementioned
pairs with the addition of 0, along with two triples of the form +1,£1,F2. So
D(2;0) =5 and D(3;0) = 7.

Lastly, if ¢ = 1, the seven numbers are

000 +3 -3 +3 -3

There are seven pairs here that add to 0: three consisting of two Os and four of
the form +3,—3. And there are thirteen triples that add to 0: one consisting
of three 0s and twelve of the form 0,43, —3. We conclude that D(2;1) = 7 and
D(3;1) =13.

These results are summarized in the following.

Proposition A.1. Ifqg € QNJ[0,1] and p € ZNJ0,7], then the dimension D(p;q)
of the vector space of SU(3)-invariant p-forms on X4 is given by the following
table:
p= 0,7 1,6 2,5 3,4
qg¢{0,1} 1 1 3 5
q=0 1 1 5 7
g=1 1 3 7 13

Note that the method of proof gives us an explicit basis for the vector space
O (X,,C), namely those p-wedges of a1, B1, B, B2, B2, B3, B3 corresponding to
sets of integers in (41) that sum to 0. These basis forms are either real or
come in conjugate pairs; by replacing the conjugate pairs with their real and
imaginary parts, we obtain a basis consisting only of real forms, hence a basis
for QF (X4, R).

Before continuing, I will make some remarks on the nature of G5 structures,
citing [4]. If V is a 7-dimensional real vector space, then the G structures on
V constitute an open subset of A3V*, which is often denoted Af_V*. The set
AiV* has two connected components, which are negatives of each other; Go
structures in different connected components determine opposite orientations.
We have a map S : AiV* — A*V* taking a Gy structure to its coassociative
4-form. One can show that S is a double covering onto a connected open set
AL V* C AV*, with S(—¢) = S(p) for all ¢ € A3 V*. This means that, instead
of defining a G structure by an element of AiV*, we can equivalently define
it by an element of Aﬁ_V* along with an orientation on V. Likewise, if M is
a 7-dimensional manifold, we can define a G5 structure on M by a section of

AiT*M along with an orientation on M.

44



An invariant form on X, is determined by its value at a single point. So if we
choose some point z € X, we can identify Q3 (X,,R) with a vector subspace

mv

W C A3T: X, of dimension 5, 7, or 13 as given in Proposition A.1. Then the
invariant Gy structures on X, are identified with W N A3 77 X,. We know that
this set is nonempty, since X, does admit invariant G structures (e.g. the ones
n (21)). So by openness of A3 T X, it has the same dimension as W. That is,

Proposition A.2. The space of SU(3)-invariant Go structures on X, has di-
mension

e 5ifq¢{0,1},

e 7ifq=0,

o 13ifq=1.

In [6], the authors parametrize the full 5-dimensional space of invariant G
structures in the case ¢ ¢ {0,1}; they find that the coclosed G5 structures
constitute a 4-dimensional subspace, which we have seen in (21). I now show

that, although X, has more invariant G structures than X, with ¢ ¢ {0, 1}, it
does not have more invariant coclosed (G5 structures.

Proposition A.3. On Xy, every SU(3)-invariant coclosed Go structure is of
the form (21).

Proof. The space Q2 (Xo,R), which by Proposition A.1 is 7-dimensional, has
a basis given by

—2B2 A B2 A B3 A B3 = cuser
—iﬁl AB1 A B3 A Bs = aaser
—3B1 A BLA B2 A P2 = casas
—3Re(B1 A B3 A B2 A B2) = azas7 — izase
—3Im(B1 A Bs A B2 A B2) = qraas6 + Q3457
Re(ar A B1 A Ba A B3) = 1246 — Q1257 — Q1347 — Q11356
Im(a1 A B1 A B2 A B3) = au2ar + iase + Q1346 — Q13s7
Denote these respectively as 71,...,77. An arbitrary invariant 4-form on X
is given by x = wiy1 + -+ + uryr with wy,...,uy € R. If we compute dx

using the formulas for da,...,dar in (23), we see that dy = 0 if and only if
ug = us = ug = 0. Thus the closed invariant 4-forms on X are given by

UYL + u2y2 + usys + uryr

= U1 Qus67 + U2Qia367 + UsQagas + Uz (1247 + Q1256 + Q1346 — Q1357)-

with uy, ug, us, u7 € R. These are well-defined and closed not only on X, but on
every Aloff-Wallach space. Those with uy,us, us > 0 and u7 # 0 are the 4-forms
seen in (22), and hence, when supplemented by an orientation, determine one
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of the G5 structures in (21). The rest cannot determine Go structures: if one
did, we could use the same formula to get an invariant coclosed G5 structure on
(e.g.) Xi/2 not of the form in (21), contradicting the results of [6]. O

However, X7 does have more invariant coclosed G5 structures than the other
Aloff-Wallach spaces, in fact a 10-dimensional space of them, as I show in the
following.

Proposition A.4. On Xy, the space of SU(3)-invariant coclosed Gy structures
1s 10-dimenstonal.

Proof. By Proposition A.1, we know that 2 (X;,R) is 13-dimensional. We
have a basis for the Comple)ﬂﬁcatlon Qi (X1, C) consisting of the 4-form 1 A
B1 A B2 A B2 along with all 12 possible wedges of one of {1, B2}, one of {31, 52},
and two of {a, 83, B3}. Three of these basis forms are real, and the remaining
ten come in conjugate pairs. By replacing the conjugate pairs with their real
and imaginary parts (and then applying some further modifications), we can
obtain the following basis for Q¢ (X7, R):

—3B2 A B2 A B3 A B3 = ouser
—iﬁl A B1 A B3 A Bs = azser
—3B1ABLA B2 A B2 = azsas
lRe(ﬁl A B2 A B3 A Bs) = case7 + rzaet
Im(B1 A B2 A B3 A Bs) = qaser — i3ser
Re(ay A Br A B A Bs) = aasr
—4(mAmAEA&)
Re(a A B2 A B2 A Bs) = onast

( )

) =

)

) =

—*Im a1 A Ba A Ba A B3) = arase

$Re(ar ABr A B2 ABs+ar APy A By A Ps) = cnaus — 356
—5Re(an A B1 A Ba APz —ar AP A Ba A fBs) = aizst + anzur
%I (1 AB1LABaABs+ar ABrABa A Bs) = ai2ar — Qizsr
$Im(ay A By A Ba A Bs — a1 ABr A Ba A B3) = aaase + Qisas
Call these 71,...,713. An invariant real 4-form on X; can be written as y =
U1y + -+ - + w1313 with uq, ..., u13 € R. Taking the exterior derivative, we see

that dx = 0 if and only if

up —u1r =0, ug+ %U7 + %UQ =0, wus-+ %uf; + %Ug =0.
Thus the invariant closed 4-forms on X; form a 10-dimensional vector space,
which (choosing some point € X;) can be identified with a 10-dimensional
vector subspace W C A*T7X;. The intersection J = W N ALT;X; can be
thought of as the space of invariant coclosed G4 structures on X; modulo orien-

tation. J is nonempty, since X; has some invariant coclosed G structures (e.g.
the ones in (21)). So J is 10-dimensional by the openness of AL Ty X;. O
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